

PREFACE 


Mathematicians have always been occupied with questions of 
maxima and minima. With Euclid one of the simplest problems 
of this character was: Find the shortest line which may he drawn 
from a jooint to a line, and in the fifth book of the conics of 
Apollonius of Perga occur such problems as the determination 
of the shortest line which may he drawn from a ]point to a given 
conic section. 

It is thus seen that a sort of theory of maxima and minima 
was known long before the discovery of the differential calculus, 
and it may be shown that the attempts to develop this theory 
exercised considerable influence upon the discovery of the cal¬ 
culus. Fermat, for example, after making numerous restorations 
of two books of Apollonius, often cites this old geometer in his 
method for determining maximum and minimum f 1638, a work 
which in some instances is so closely related to the calculus 
that Lagrange, Laplace, Fourier, and others wished to consider 
Fermat as the discoverer of the calculus. This he probably would 
have been had he started from a somewhat more general point 
of view, as in fact was done by Newton {Ojouscula Newtoni, I, 
86 - 88 ). 

Maclauria (A Treatise of Fluxions, Vol. I, p. 214. 1742), wrote: 
There are hardly any speculations in geometry more useful or 
more entertaining than those which relate to maxima and minima. .. 
Amongst the various improvements that began to appear in the 
higher parts of geometry about a hundred years ago, Mr. de 
Fermat proposed a method for finding the maxima and minima. 
How the methods that were then invented for the mensuration 
of figures and drawing tangents to curves are comprehended 
and unproved by the method of Fluxions, may be understood 
from what has already been demonstrated. A general way of 
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resolving questions concerning maxima and minima is also de¬ 
rived from it, that is so easy and expeditious in the most 
common cases, and is so successful when the question is of a 
higher degree, when the difficulty is greater and other methods 
fail us, that this is justly esteemed one of the most admirable 
applications of Fluxions.” 

The theory of maxima and minima was rapidly developed 
along the lines of the calculus after the discovery of tlu^ latku’. 
Mathematicians were at first satisfied with finding tlu‘, necesHury 
conditions for the solution of the problem. Thesis conditions, how¬ 
ever, are seldom at the same time sufficient. In order to dtuddi? this 
last point, the discovery of further algebraic means was iu‘(‘essary. 
Descartes had already remarked, in a letter of Mar(‘-h I, I(h*hS, that. 
Fermat’s rule for finding maxima and minima was imp(U’f(‘ct; and 
we shall see that many imperfections still existed for a hmg timt* 
after the invention of the calculus by Newton. 

As introductory to a course of lectun^s on tlu% calculus of 
variations, I have for a number of ycnirs givcm a brief 
of the theory of maxima and minima. This (Uitlim^ is foundtul 
on the lectures tliat were prescnic^d 1 > 3 ’ the late*. ProftvsHor 
Weierstrass in the University of Berlin. It trtuits tin*, onlinata* 
cases; that is, where the functions i\iv. (‘ver}'wlHa*('. iH‘gular and 
where the forms are either definite or indefinit(‘. It was publishin! 
as a bulletin of the University of Cintunnati in UH1.1. At I hat 
time I expected to publish another bulh^tin whicdi was to treat 
the more special cases; for example, where only ontssiiled diflVr 
entiation enters, the ''ambiguous (msc,” where tlie form i« rnnul^ 
definite, etc. A treatment of thew^ cases, the (extraordinary vmm, 
required more study than was anticipated. Tlw Imlktin liiw 
consequently been delayed so long that I have (umcluded to give 
an entirely new exposition of the whole theory. 

In the preface to the German translation by Bohltnann and 
Schepp of Peano’s Oalcolo differemuik e prinripti di mleutu 
Professor A. Mayer writes that this htmk of Beiino nc^i 
is a model of precise presentation and rigorous deduction, 
•se propitious influence has been unmistakably feli ujjon 
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almost every calculus that has appeared (in Germany) since that 
time (1884), but by calling attention to old axxd deeply rooted 
errors it has given an impulse to new and fruitful development. 

The important objection contained in this book (Nos. 133-13b) 
showed umjuestionably that the entire former theory of maxima 
and minima needed a thorough renovation; and in the main 
Peano’s book is tlie original source of the beautiful and to a 
great degree fundamental works of Sc.heeffer, 8tolz, Victor v. 
DantscEcr, and otluu's, who have devtdopod new and strenuous 
theories for ejipreme values of functions. Hpc^aking for the 
(Jermans, Professor A. Maycu’, in tlui introdiudion to the above- 
mentioned book, (hudarcs that there luis been a long-felt need 
of a work which, for the first time,‘not only is free from mis¬ 
takes and inactmnudes that liave been so long in vogue but 
which, besides, so incisively peiutoitt^.s an important field that 
hitherto has l)cen considered ([uito elementary. 

To a (‘.onsiderable degree these ina(Maira{*.i(*.s are due to one of 
th(‘, greatest of all mathematicians, Lagnmge, and they have 
been diirused in the Frencli scdiool by Pertrand, Serret, and 
others. further find that llu‘st‘, mistakes are e.ver being 

repeated by English and Ameri<‘an anibors in tlie numerous 
new works whicdi are (constantly api>earing on the cudcailus. 

It seems, therefore, veuy desirablt^ in the prt^sent state of 
matluunatical scdeiuto in tliis country that mon* attention be 
giv(‘.n to tb<‘, theory of maxima and minima; for it luis a high 
inten^st as a to]ac. of imre analysis and finds immediate iip])li- 
(‘.ation to almost every branch of mathematic^s. 

I have*- therefore jrepanal the preacmt book for students who 
wish to take a more c^xteuded (a)urse in ilu^ (‘ahmlus as intro¬ 
ductory to graduak^ work in matliematica I do not l)tdk*v(* in 
making university staideixts study abstruse^ theories in foreign 
languages, and in this treatisc*^ it will he fenmd that tint peda- 
gogie4il side of the presentation is insisted upon; for examph‘, 
the Taylor development in aeries is given under at least Imlf a 
dozen different forma 
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THEORY OE MAXIMA AND MINIMA 

CHAPTER 1 

FUirCTIONS OF ONE VARIABLE 
ORDINARY MAXIMA AND MINIMA 

1 . A function/(a;) which is uui([xicly defined for all values of 
X in the interval {a, h) is said* to have a greatest ralue or a mauti- 
mum for the value x = situated between a and if there is 
a positive quantity S such that for all values of h between — 3 
and + 8 the difference 

[1] + ;,,)_/(,g go 

exists, whi(di at the same time do(is not vanish for all these 
values of h. This function luis a smalhxt value or a minimum 
it und(U‘ the same conditions there exisUs the difference 

[2] )S0, 

wliit^.h dot‘.s not vanisli for all values of h between — S and + S, 

A function may have several such maxima and minima which 
may be difhuHmt from one anotlicr; it may have' minima which are 
greater than maxima. (Hee 
the accompanying figure.) 

When the existeiujc of com- 
[dete derivatives in the 
entire interval under con- 
sidm'ation is presupposed, 

""the maxima and minima 
which may be derived are called ordi/iarg; but wlien we havc^ to do 
with functions whose diuivatives exist only on definite points or with 
functions which have one-sided derivatives and the like, the maxima 
and minima may be cmlled extraordinarg. The discussion will be 

* n«iU)cchi-Pimiu>, (htlcoh diJf'erenzUtk a primlpli di calmlo Integmle (§ ISl). 
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restricted at first to ordinary maxima and minima. A maximum ' 
f{x) is calledby Stolz (Grundzuge der Differential- und In 
gralrechnung, Yol. I, p. 199) if in the formula [1] only the sign 
stands; while we have a projper minimum if there stands only t 
sign >in [2]. The maximum and minimum are im^ro^erii in forn 
las [1] and [2] the sign=also appears, howeyer smaR S may be tab 

/ 1\2 1 . 

For example, ( .'T sin - has the value + 0 when x~ — : 

\ X niT^, 


consecutive integral values of n, however large, and thi 


intervals as small as we wish. Stolz and others ^ use the notation 


extreme or extreme mine of a function to denote indifferently 
either the maximum or minimum of the fimction. 


The maximum and minimum of a function defined as above 


are often denoted as abeolnte\ maximum and minimum, since 
they depend upon the collectivity of the values of f(x). Opposed 
to them appear the relative maximum or minimum, which enter 
i£ the independent variable x is subjected to a restriction so that 
Ti in the formulas [1] and [2] can take only restricted (and not 
arbitrary) positive and negative values. 

2, If the function f{x) has for x = Xq positive derivative 
/^(oJq), the function is becoming larger on this position with in¬ 
creasing x^ and its values are respectively smaller or greater than 
those of f{x^ according as x is smaller or greater than x^. It is 
assumed that x lies sufficiently near x^. 

In this case the function f{x) has for x = Xq neither a maximum 
nor a minimum. Similar (mutatis mutandis) conclusions are drawn 
if f{x^ is negative. j 

It follows that if the function f{x) has for x^x^ a finite d^' 
rivative that is different from zero, then on this position the function 
has neither a maximum nor a minimum. 

If then we exclude from the values of x those to which a defi¬ 
nite derivative (different from zero) corresponds, there remain either 

* Extremer Werth was used by R. Baltzer, Elem. d. Math.^ Bd. I, AufL. 5, S. 217 
Extremum by P. du Bois-Reymond, Math. Ann.^ Vol. XV, p. 661. 

t The authors just cited, as also Peano, understand by the absolute maximum an< 
minimum of a function in a given interval the upper and lower limits of the function 1] 
this interval, if such limits are reached. See also A. Mayer, Leipz. Ber.(1899) , p. 122, - 
Lipschitz, J:n€Uysu, Vol. H, p. 306, and in particular Voss, Encyklopadie der Math. W 
Bd, n, Theil I, Heft I, S,,80, who remarks upon the weak terminology of the siibjf. 
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those positions on which the function has no derivative (finite or 
infinite) or those places on which it has a vanishing derivative. 

These positions must be further examined if we wish to make 
ourselves sure of the existence or nonexistence of a maximum or 
minimum. No rule can be given for the cases where derivatives 
do not exist. 

If we assume that the derivative is zero, the following criteria 
may be used; If f(x) has the derivative in the interval 

{x^—h • • * XQ-\-h), we have, in virtue of the Taylor formula,^ 

/(«) -/(a=o) = (a3 - a:o)/'(®i). 

where lies between Xq and x. If f\x) becomes zero on the posi- 
tion x = Xq in such a way that it is positive for x<Xq and negative 
for x>Xq, then (x — XQ)f'(x^) is always negative, however x(^ Xq) 
be taken, and consequently it follows that f(x) < /(x^) for all values 
of X within the interval Xq — li to x^ + h. The function will there¬ 
fore be in this case a proper maximum for x = x^. If, however, 
f\x) is negative for x<Xq and positive for x>Xq, the product 
{x — x^f\x^ is always positive, and the function will therefore 
be a proper minimum for x = x^ within the interval in question. 

If/^(^) is zero, say, for values of x within the interval x^ • • • Xq-^Ji 
or within the interval x^, we have cases of improper ex¬ 

tremes (maxima or minima). But if f\x) retains a constant sign 
in the neighborhood oi x~ then (x — x^) f\x-^) changes its 
sign according as x>Xq ot x< Xq, and the function has neither a 
maximum nor a minimum. 

It is thus seen that the fionction f(x) has on the 'position x ~ 
a 7rbaximum or a minirmim according to the 7nanner in lohich 
its derivative vanishes for x = x^; that is, according as we pass 
from positive to negative vahies or from negative to positive values 
with increasing x. It has neither a maximum nor a minimum 
if the derivative does not change its sign.] 

* See Pierpont, The Theory of Functions of Real Variables, Vol. I, p. 248. 

t Leil)niz, Vol. V, pp. 220-226, is the first who made a distinction between maximum 
and minimum. See Maclaurin, J Treatise of Fluxions (1742), Vol. I, chap, ix, and 

Vol. II, p. 605; and also Cauchy, Calc, differ., p. 63. With Leibniz, when ^z=0, y is 

dx 

a maximum if the curve is concave towards the a;-axis, a minimum if the curve is 
concave away from the a;-axis. 



4 


THEOlii'^ OF MAXIMA AXl) MiXIMA 


3. Instead of considering the sign of the dcrivativo in the 
neighborhood of x^, if we consider tlie sign of tin* sis-.ond deriva¬ 
tive for x = Xf^ (when this second derivative is dill'erent from zero), 
we have the rule: 

Th& function f (x) han on the pomfion ./■ ir/nr/i J '(.r,,) 0 

a, maximum or a miniinmn accurdiiu/ <(s is m-ijntitr or 

'positive. Infinite values are aiways inelidled unless it is stated 
to the contrary. 

In fact, if/"(.-iJo)< 0, then /'(.r) is a dee.reasing lunetion, and 
since it is zero for x — a;,,, it goes from jiositive to negative values; 
the inverse is the case if ffrft''' 

Tliis rule leaves one in the lurch if /"{s\^) 1). 

If in general it is assunred that 

f%)=0, f"{x,)=0, /('‘"b(.a„) .0. /‘"'(.rj ^ I), 

it follows from Taylor’s fonriula that 

/(,*)-/(a;,,) = 

ih I 


where is situated between and ./■. 

As here/(“l(aj) is assumed to bo a continuous fiinetion. it reluinH 
a constant sign in the neighborhood of .c„. If n. is odd, the factor 
(k —ajo)” changes sign according as .r>.c„ or (lunsenuently 

/(^)“/{S) changes its sign and/(.c„) is neither a inasiimini 
nor a minimum. If n is oven, the factor (.r .»■„)" is jKisitive mid 

f{x)-f{x^) has always the sign ai It follows limt /(./■„) 

is a maximum or minimum according as /*"*(.'•,) is negative or 
positive. We therefore have the thoorom: * 


If for X — ajQ the first (vnti some of the fidltniHinj derii'iitives 
vanish, then f{Xi^) is or is leot an extreme arrordiny ns the first 
nonvanishing derivative is of even or odd order. If it is „/ rren 
order, there is a maximum or a niinimiim ttreordintf as the 
derivative in question is negative or positire. 


• See M^laurin, A Treatise of Flmiam, Vol. I, p. 2580; Vol. It. p. non; ,„„i 

^ P- *■ Miiolaurin who 

method of distingulsMiig maxima from mMma. 
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4. The following may be regarded as a resume of what has 
been given above: The function f{x) is supposed to be uniquely 
defined for all values of x within an interval (a, 1), and is a 
point of this interval. The function f{x) is a proper maximum 
or a proper minimum for ic = if we are able to find a positive 
number S sufficiently small that the difference /(^o+^0 "^/(^o) 
retains a constant sign when h varies from ~ 3 to + S. If this dif¬ 
ference is positive, the function f{x) is smaller for x = than it is 
for the values of x neighboring ; it is then a proper minimum. 
On the contrary, when the difference/(.-C qH-A)—/(^^ o) negative, 
the function is proper maximum for x = Xq. If, furthermore, the 
sign = enters in the cases just mentioned, however small 3 be 
taken, we have an improper minimum or maximum. 

When the function f{x) admits a derivative for the value x^ of 
the variable, this derivative must be zero. In fact, the two quotients 

h ’ -h 

which have here by hypothesis the same limit when tends 

towards zero, are of different sign; it is necessary then that their 
common limit f\x^ be zero. 

Inversely, let x^ be a root of the equation /'(re) = 0, situated 
between a and 6, and taking the general case suppose that the 
first derivative which is not zero for x = Xq is the derivative of 
the ntla order and that this derivative is continuous in the neigh¬ 
borhood of the value x^. The general formula of Taylor gives 
here, limiting it to the term of the ^th degree, 

%n 

/(ajo + h) -/(a^o) = (»o + (0 < (9 < 1) 

where € is a quantity that is indefinitely small with h. Let 3 be a 
positive number such that as x varies from — 3 to 3 the 
absolute value of e is smaller than/^^)((ro), so f{xQ+h)—f{x^ 

J^n 

has the same sign as —If n is odd, we note that this dif- 
n 1 

ference changes sign with h ; there is then neither a maximum 



THEOEY OF MAXIMA AMD MINIMA 


nor a minimum for a; = a'o- If n is even,./•(.<•„+ A) ../•(./,,) l.as t.ho 

same sign as/W(.^o) whether h he positive or negative; tin; fuiuv 
tionis a mwm«mif/0(,7;o)is positive, and a m.a.rimum 'd 
is negative. It follows that for the function to he. a mu.vinuuu .ir 
minimum for a; = ai„ it is necessary and sullicimit tlud the lirst 
derivative which vanishes for .a = .r,, be. of even order.* 

In geometric language the preceding condition.s denote that the 
tangent to the curve ;y=/(^0 1’"“'^' At parallel to (>.\ 

and is not an inflectional tangent (see Fig.s, '1 o). 



ri. EXTRAORDINARY MAXIMA AND MINIMA 

A. Functions which uavr Dmuv.vnvKs tist.v on 
DekINITK I’OHITIONH 

5. Let the function y-f{x) he. uniipiely defined for all vulnet. 
of * between x^— S and and supiKwe Ihat it in eontinuou.s 

for X = X(i. If the expressions 

. / fei+M-/(:.o fy.-iv nr.? 

h. /i 

* See Goursat, Ooura D'Analym^ VoL I, pp, ic^ wiq. I »fi«r lii’rrtiifinr f«i 
this work hy the name of the author, and by Pimao luiil Bud/ I ikmlgmtr ibn 
works, cited above, of these two mathematicians. 
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have limiting values when lim /i, = + 0, each of these expressions 
is called a one-sided differential quotient,^ the first the riglit-liand, 
and the second the left-hand^ differential quotient of f(^ with 
regard to x for the value x = Xq. 

If the two one-sided differential quotients oif(x) are equal to 
each other for x = Xq, their common value is called the complete 
differential quotient of f(x) with respect to x tor x = Xq. 

If next it is assumed that the one-valued function/(^) is con¬ 
tinuous for all values of the interval (a, I) and has at least one¬ 
sided differential quotients, the differential calculus offers a method 
for the determination of the maxima and minima. For if f{x^ is 
such an extreme of f{x), the quotient 

f{x^+ h)-f{x^) 
h 

must necessarily either vanish or change sign with Ji. 

It may therefore be concluded, as in § 2, that the complete 
differential quotient f^{x) must be zero, and that if the right- 
hand and left-hand differential quotients of f{x) are different at 
the point x == Xq, they cannot have the same sign. These require¬ 
ments are under the existing conditions necessary that /(x^) be 
an extreme of f{x ); however, as it will be seen in the following, 
they are not always sufficient. 

6. Criteria as to whether a root x = x^ of the equation f'(x)~ 0 
offers an extreme of the function 

Theorem I. If vanishes for x = x^, and if a positive 

quantity S may be so chosen that f{x) has complete'differential 
quotients in the interval — S. ‘ S), and if f'(x) changes 

sign neither in the interval — S . . . x^) nor in the interval 
S) and also does not remain invariably zero in either 
of these intervals, then fix^) is or is not a proper extreme of 
f(x) according as the sign of f{x) in the first interval is different 
from or the same as it is in the second interval; and further¬ 
more, in the first case /(.^*o) is a maximum or a minimum- of 

^ See P. du Bois-Reymond, Math, Ann., Vol. XVI, p. 120 ; see also Pierpont, The 
Theory of Functions of Real Variables, Vol. I, p. 223. 

t See Cauchy, Calc, differ., Lesson 7, and see in particular Stolz, pp. 201-210. 
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f{x) according as f{x) on its passage through z(‘ro, as x with 
increasing values passes through changes from tiu*. sign + to 
the sign — or from the sign — to the sign +. 

This theorem is stated at the end of § 3 and tlHu*(‘. j)roved; and 
as also indicated in that section, the in(a)nvenien(‘.e arising dut^ 
to the consideration of the sign f\x) may be o})viat(Hl if func¬ 
tion f{x) has a complete second diirerential (fnotient for .r ^ ».r,j. 
This leads to the following theorem: 


Theokem II. If under the c.onditions asHuimHl in Thc*,orem I 
the function f((x) has for x — a compltn.(^ setumd difrtumjiiul 
coefficient f\x^) which is not zero, tlnm in a projHn* ex¬ 

treme oif{x)^ being a maximum or minimum ac*.c*ording 
is negative or positive. 

Due to the definition of a complett^ sec.ond dtaiviitivi^ it foIhnvH 


that 


A 


=/"(•'■)+ A’(/0. 


where B(h) is a quantity that becortuis imlo.linittdy Hiiiall with A. 

If here the existence of a aoeond derivative of /(.r) i.s aMsiunetl 
only for Xr=x^, then, since/'(.r,,) 0. tliere eorre.siKmda to every 

positive quantity e another (piantity S mieh that, if h- Ji -. 

we have 


If, say, (iCg) is positvoc, it foll(>WH at oiiee that there iiiuat fat 
a positive quantity Z such that for -- Z<h <S we have 

[3] + 

Hence/'(iCg + /i.) must be negative wlaai A is ne^tntjve mid piwi- 
tive when A is positive, so that on passing thnaigli ziiro (i.e., when 
^ = ^o)>/'(*o + ^*) passes with increasing ./■ from n negative value 
to a positive value. Accordingly, in virtue of Theorem 1,/(.<•„) i« 
a proper minimum. 

■The above theorem becomes the one given in §h if it in 
assumed that there is an interval including the value V .r,, aueli 
that for all points within it a second differential quotient of /(j ) 
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exists, and if it is further assumed that f^^{x) is continuous at 
least at the point x=zx^. 

Theorem III. If, furthermore, /^^(a?Q)= 0 and ^ 0, then 

/{Xq) is not an extreme of f{x). 

For since here 

^ -/'K) = -2/"'K) + • • •. 

it is seen that as f'{x) passes through the value /'(Xq) = 0, it does 
not change sign, and consequently f{x^ is not an extreme of f{x). 

The two preceding theorems are special cases of the two 
following: 

Theorem IV. If for the value x = we have 
/'(•«o)=0> /"K)=0> •••> /<2*)(a;o)¥=0, 

then /(Xq) is a jaroper extreme of /(x), being a minimum or maxi¬ 
mum according as positive or negative. 

For, owing to the supposed existence of the first 2 /c differential 
quotients, there is an interval — S • . . S throughout which 
the differential quotients f{x),f’’(x), • • not only exist 

but are also continuous functions of x. Accordingly, in virtue of 
Taylor's formula, we have 

[4] = (0<^<i) 

which formula is true for all values of h such that — S < A < S. 
Owing to the existence of as in the case of formula [3] 

above, it is seen that for values of h such that — S < A < S we have 

+A)>0 or <0 

th 

according as is positive or negative. 

If, then, is, for example, positive, it is clear that 

is negative for values of h in the interval — S . . . 0 
and positive for values of h in the interval 0 • - • <5. 

It follows from [4] that the differenceA)for all 
values of h within the interval — S-h S (excepting 7i= 0) is in¬ 
variably -h or — according as is -f- or —, and correspond¬ 

ingly we have respectively a proper minimum or a proper maximum. 
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If it is further supposed thatexists lor all values of .r 
m the interval - S • • • and that/(^«(.r) is a euutinuuus 

function at least at x = x^, then, as in :i, due. U. Taylor’s 
expansion we have 

[6] '/*“(■'■•+“>. (ii-.o-.ii 

from which the theorem is obvious. 

In exactly the same way we may prove 

Theorem V. If for x = ;>'■„ the 2 k first dillerential (luotienls of 
f{x), vk, vanisli, and if /«‘‘'* "(.r„) / (l. 

then/(i:So) is not an exkciue 

Remark. Tn the case that .r = <‘aiiHt*H (‘voi*y <juuthnit uf 

f(x) to vauisli, we cannot (lci(‘nnin(‘ by iinuinH of I'hooriiiiH II» III* mid 
IV whether/( 2 i) in an cxtrcuK^ or not. Wo inuHt thon apply 'rhoonnit !. 

For example, it is Hoen that x = 0 in a minimum r 

Theorem V^. If the given function /(.r) oiui ho developed in 
the neighborhood of the point in a tterien in integral ptmitive 
powers of so that 

/(») =/(»0 +‘>^- ‘>'o) = + ‘‘m H-'''"' ‘ ■ *. ('■». ^ d) 

then /{Xq) is not an extreme of /(.r) or u an t*xtrenie cd /pr) 
according as m is odd or even; and/{%) iw a inaxiitniin m iiiini- 
miim according as is negative or positive*. 

For here /(x^) = 0 -=/"(a-„) = ■ • • 
while /<"‘l (*„) = m ! r,,,. 

This theorem may be proved directly by means uf the prejasrty 
of series. For under the given assumptions eorrimjMinding to I'verv 
quantity e > 0, we may choose another ([uantity B > (l. smdj that 

— e < Cm + l/t + (’m + • • ■ < r. 

If is a positive integer and <■,„ < 0, sfiy. and if jX.| - ; S, 
then f{x^ + h) -/(.(■„) < A"' {e„ +«); 

and as e may be taken such that e< - - e„„ the expn'ssiou on tin- 
right-hand side is always negative, so that there is a maximutn <if 
/ (x) &t x = fl!g. Similarly, we may prove the remaining jairt. <»f V". 
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B. Functions wiiioir have only One-Sided Diffehential 
Quotients of a Certain Order for a Value x — 

7. Theorem VL If the continuous function f{x) has for x = 
one-sided differential (quotients of tlie first order and of opposite 
sign (including -f co and —■ co), then f(x^ is a proper extreme, 
being a nuiximuni or miniinuin according as the riglit-hand 
differential quotient of /(.t) is negative or positive. 

For if, say, the left-hand differential (jiiotient is positive, the 
right-hand one being negative, then there exists a positive quantity 
S such that according as — S < /^ < 0 or 0 < /^ < S, we have 

„r <0. 

h 

It follows that< 0 for all values of h that are 
situated within tlic interval S . .. q- S. Hence f{x^ is a proper 
maximum. 

Theorem VI1. If for x=::x^ the 2 k first differential (j^uotients 
of /(.t*), vanish, and ifhas for 

one-sided diffenmtial (|uotients of contrary sign (+oo and 
—00 included), then the value /(x^,) forms a proper extreme of 
/(.r), being a maximum or a minimum according as the right- 
hand differential quotient is negative or positive. 

Tf, for example, the left-hand differential quotient is positive, 
while the right-hand is negative, that is, 

~h h ’ 

wo note, since 0, that ^ values of k 

within tho interval — S . .. + S (tho value h~0 (!xe.epted). Hence 
from fornnila [51, viz., 

it is seen at oiuk', that /(•<•'„) is a proper inaxinniiu. 

Thkorkm VIU. If for the 2 /• - 1 lirst diHerential 

quotients vanish, viz.. /'(<r„)=/"(»ii )=—= and if 

* Stolz, p, 2(Hn H(‘t* hIho PhhchI, hUxrcivh pp. 21.T-222, lHPr>. 
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f( 2 k-i)M has for x = !Kq one-sided diirerinitiiil (luoticiils <if ojijio- 
site sign (+00 and - =o included), then/(.r„) does not Umn an 
extreme of/(«). If, however, these dill’erential <iuetient.s are holii 
positive or both negative, then /(.<■„) is a i.n.{aT nnninnnn ..!• 
maximum of /(x). Tliis tlieorom fellows from |4| in Urn same 
manner as the preceding one did from [a|. 

Example. If /(x) = (.rSO) aa.l/(.r) 0). M.nw Uy uu-nm 

of Theorem VT that there is a preixa- niiniiaiuii at ,/■ o if lien h,. 
tween 0 and + 1. Verify tla^ same reHidt when /e lies l.elweeM V! I 

and 2^ + 1 by making' iih(^ of I’licon'in \ 11; and by nniiig I houmn I\ 
show that/(a;) is a propiT minimum wlum /a in .sifuutod botworu 111 1 

and 2 k. 

C. Uppek ANT) Lower Iamitb oe a ()NE-VAi.rEi» Fi'M'TKix 

WHICH IS CONTTNIFOUS FOR VAbOES OK THE ARCil'MKNr WITHIN 

A Definite Interval 

8. If the function/( t) is continuouH and unitfuoly io 

the definite interval (a,?;), ihcn^ exist the |grimH*,st niul tlso luan! 
valuein the interval in (jueatiou, which are known im Utc 
and lower limits of the fiinetiou in this interval; ani!» the 

function reaches these limits; that is, if these liniits are donoh’d 
by g and k, then there is at least one value r <»f .r within the 
interval a • • - h for which the finuiion is e<|ua! to g, iind iit 
one value d within the same interval for whicli the Hiinie fumlimi 
is equal to k 

But if the interval within whicdi .r varitxs in indtdinilely large, 
(a, oo) or (—QP, 1) or (—co, -f- go), the fune.tion need not lime ii 
maximum or a minimum, and also it need not Imve lui u|t|«'r or ii 
lower limit. This is illustrated in the following i*%iini}iles.t 

also § 96.) 

^ Proofs of this and the following Mtiitoinentii are found, for In lliirkiir’ri 

and Morley, Intr. to Analytic Fnmtiom^ §§411, 50; K. Ii WUitfiii, i'td 

cuius, §§ 19"25. See Peano, Theorem IV, § *il, and alii* IHnl, ft^r Ai 

teorica delle funzioni di vaHaMU rcali (Chtmmn traiiitoliin hy Liiotili amt Hr|iii|in. 
§§36, 47). These proofs are founded upon Weleretmii'i wliirli. In titnu 

are founded upon the work of Bobsano, Abh, d, B&hmkckm (3m$ikck. «lir 
Vol. V, p. 17. 
t Peano, § 132. 
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Example 1, Divide a mimher mio two 'parts so that their product is a 
maximum. (Of. Ex. G at (Mid of § 10.) 

L(‘t a 1)0 tli(‘. giv(m nuinlxM-, x and a — x ilio two HunuuandH, and 
y =: Qi — r) X ilndr product. If W(‘. conHidiM* x as variables wo liav(‘. // ~.a—2 x, 

wliitdi l)C(u)UH^H ziM'o for = \V(‘. furtluM* have'. //' = —2, ho that tln^. 

function ?/ has a maxiimun for .4* = that iK» wluMi both parts an*, (‘(jual, 
this valiK'. b(‘ing y = - . 

Simu*, how(W<*r, the dc^rivative*. y' is positive* for x < and ne'gative* for 

X > » it follows that the* funeitiein iucre*.aH(‘s in the int<*.rval and 

d(*(*re*as(‘s in the* iniie*rval The function has ncitheu* an upp(*r nor 

a le)W(*r limit. 

Example 2. y ~ .rb (.r >0) 

Through eliflVre'ntiation we* iiave*. / = .r*'(I 4* log.r). The first factor 
is n(we*r Z(*ro and is always positive. The He‘Con(l factor be‘.come^s ze^ro 

whc*n log.r ^ — I or .r = A , derivative* ])aHH(*.H the‘re‘foi’e^ from lU'.gative*, 

l^for X < to positive* value's ^for ./.• > 'Fhe* fiimdion has a minimum 

for X = - — 0.G07HS • • - , which is // • - 0.(570411 • • % This is also the* lowe‘r 
e 

limit which the function take*s in the inte'rval (0, <x)). The function does 
not have e*ithe‘r a maximum or an uppe*r limit. 

Example 3. y =- j**?, / - ^ x~'‘ i 

The de*rivative is see'ro for no finit.e* value* of .r, but is infinite^ for x = 0. 
For this value y b(*comc*H ze‘rO| and the^ function will have* at this point both 
a minimum and a lowe*r limit with respect te> tlie* inte*rval (— -x*, 4- x); for 
all the^ value's of a? cause the fiuictiem te> be grt»,ater than z(*ro. The function 
has neuther a maximum nor an Ufiper limit. 

9, If WO add to tho postulaios already made in the pn^’inus 
articles rc^garding /(.r) that it niUHt have a (’ornplote diOVr(*ntial 
([uoticnit for all valiios of x'> botwoon a and b, tlieu vanishoH 
for every vulin) of x between a and h to which one of tho values g 
or k of the function belongs. If, however,/(r^) ~ g, say, then possibly 
f{a) m only a ont‘“Hidcd niaxitnuni of /(/), and consequently /'(«) 
is not necessarily zm\ This must be borne in mind as we proceed 
with the problem of determining the numbers g and l\ This is 
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explained by the simple example (see Liouville s JoiiTucil^ I irst 
Series, VoL YII, p. 163): 

In the plane of a circle which is described about the point 0 as 
center with radius r, let there be given an arbitrary point A which 
is different from 0. Determine the upper and lower limits of the 
distances of the point A from a point M of the circumference. 

Let the positive A-axis be taken passing through 0, and standing 
perpendicular to it through 0 is erected the F-axis. The e(i[uation 
of the circle is then = while 

AM^ = (aax, (a) 

As M passes over all points of the circumference, x takes the values 
in the interval — r • • • -f- x. The linear function (a) decreases with 
increasing values of j:, its 
differential quotient being a 
negative constant equal to 
-'2 a, Consequently those 
values of x to which the 
upper and lower limits of 
AM^ belong, fall on the 
end-points of the interval 
— r . • . -h r. It is seen that 


Y 



Pig. 6 


—• r corresponds to the upper limit and -f-r to the lower limit, giving 
us as upper and lower limits respectively + r| and |a — r|. 

10 . Suppose next that the function f{x) is discontinuous at least 
on an end-point of the arbitrary interval (a, h ); for example, sup¬ 
pose that the function is not defined at such a point. If this is 
the case only for the limx = a, then in the derivation of tlie 


upper and the lower limit we must consider in particular the value 
of f(x) for the lim x = a-\- 0. The following examples will make 
clear the method of procedure (see Stolz, p. 210). 


Example 1. Consider the function rj = ~~ for values of x sucdi that 

log- X 

0 < X < 1. It is seen that y is negative and decreases with increasing vahu'iH 

of X. For when i -^ ^ , a 4 . 1 . v a 

iim X — + 0, then lini ?/ = — 0; 


and when limx = l~0, then lim?/=-oo. 

Thus the upper limit of y in this interval is zero, while the lower liinit is 
— Qo, although neither is reached. 
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Example 2. ;/ = (1 - .r) sin (O < .i- SS 1) 

For th(‘S(‘ vahuLs f)f .r \v(‘ hav(‘. alwajH |//|<1. 
n \V(' ('oiLsidio' only vahuLS of .r hocIi as x 
inU‘g(‘r), wo havc^ 


•1 n + 1 


(whero. n is an 


2 

‘1 n + I 


IhnuM' wluni • 4- X', i.lu', upjxn* limit; of // is 4-1. 

2 

By writing .r = - ^ ^ l(nvt‘r limit is — 1. N(‘itli('r 

tin* npiK*!- nor tln^ low(*r limit of f/ is roachod, although in oithor cast* 
tlu'y an* (inih*. 


PROBLEMS 

1. I)('t(‘nuhn^ th(' maxima and minima and tin*, uppor and lowt'r limits of 

. V log.r 

(a) y - . (.r > {)) 

(b) ?/ r= (I (‘osx + h sin .r. 

(c) ?/r=f?4.ri. (Pi(*r})ont, p. ii20.) 

(d) //rrl —(Ma(‘laurin, Vol. 11, 

p. 720.) 

( 0 ) ('^I'ht* fumd-ion has a 

:r 

discontinuouH ih^rivativc for 

r 0.) 

2. Sliovv that tln^ fumdaon J ^ ^ 

[/(())-() 

has an inhuito nnmbor of maxima and minima within tin* int(*rval 

3. \Vlu*n is mp + nq a minimum, wlu'n* p ■; 4 . [h »«//j-? 

(ladbniz, 1082.) 

4. *Mnv(‘uir(^ cylindrum maximi ambituH in data splnn'ra.” (Format, 
fifam*.*?, V(d. I, p. 107. l(M2.) 

5. Find tin*. ar(*a of tin* groatt'st parabola wliiidi may be* cut from a 
givou cone*. 

6. x(.r"«-n) has its gr(‘ah‘Ht vahm wlmn ;r'-[4 (Furlid, Hook VI, 

Prop. 27.) I’antor ((/r.Hehirhir dtr Math., Vol. I, p. 228) Hays tlmt this is tin* 
first (‘xaiiipb* of a maximum in the* history of matheinaticH. 



+1 


1 

(g) y zr. 

(h) y = r **1 

(i) y (Th(‘r(^ is no cx- 

trmiu* on tlm posititm 
.r = 0.) 
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7. On a given line A3 are two fixed points and Determine a 

third point so that is a minimum. (Pappus, Book VII, Prop. 61. 

P^P • PPg 

and Fermat, (Euvres, Vol. I, p. 140.) 

8. Of all sections which pass through the vertex of a cone, determine 
the one of greatest area. (Severus.) 

9. The number a is to be divided into two parts, such that their product 
multiplied into their difference shall be a maximum. (Tartaglia, (reimral 
Trattato, Part 5, fol. 88.) 

10. A ten-foot pole hangs vertically so that its lower end is four feet 
from the floor. Find the point on the floor from which the pole subtends 
the greatest angle. (Regiomontanus. 1471.) 

11. The curve y = -has no ininwimi. (Euler, DifferentiaU 

rechnung, Yol. Ill, p. 744.) 

12. Two points P^ and P^ not on the straight line AB are given. Find 
a point P on AB such that PPI + PP^ is a minimum. (Solved by Huygens 
possibly about 1673. See Huygens, Opera Varia, pp. 490 et seq. Note the 
letters of De Sluse.) 

13. Derive the greatest rectangle that can be described in, and having 
one of its sides, upon the base of a given triangle. (Simpson, Elements of 
Plane Geometry (1747), pp. 106 et seq. In this work are also found numerous 
problems that have to do with areas, volumes, etc.) 


CHAPTER II 


FUlSrCTIONS OF SEVERAL VARIABLES 

I. ORDIISrARY MAXIMA AXD MINIMA 
Peeliminary Remarks 

11 . We say that the function becomes a 

maximum or minimum on the position if for a 

sufficiently small region about a^, • • •, cCn) have 

fi^l> ‘ ‘ *’ ^h) — f(^v ■ ‘ *’ 
or f{a^y • • •, ct^ ^ 

These extremes are jprojper or im^ro^er according as the sign = 
does not, or does enter. 

As in § 1, it is assumed here that the function has definite 
partial derivatives which are continuous within the region in ques¬ 
tion with regard to each of the variables; and the extremes which 
may be derived we shall call ordinary. If the partial derivatives 
do not have such derivatives, the extremes may be called extraor¬ 
dinary. Such extremes in their generality we shall not attempt to 
consider. Another class of extraordinary extremes is mentioned 
in § 13, and is later treated in its generahty for the case of fimc- 
tions of two variables (§§ 20 et seq.). 

12. Consider the function of one variable x^, viz., f{Xy a^, 

. . a^,). If the function u of the preceding article is a maximum 

or minimum for a-^, • - then f{x^, will be 

a maximum or minimum for x-^==^ a^. Hence (see § 2) the derivative 
/a; (^i> • * *> Riost be zero. Similar conclusions may be made 

for the other variables in 

It follows that if extreme on the position 

(a^, * * •> partial derivatives of u must he zero, 

17 
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(See Euler, Calc, cliff. (1755), p. 645; and Lagrange, Theoru des 
Fonctions^ VoL II, No. 51.) 

Write^ next = 

If w=/(ajp • • •, is an extreme on the position a^,), 

then F{t) is an extreme on the position t = 0. 

Since hy hypothesis the derivatives of u are continuous, it 
follows also that the same is true of F{t). 

We consequently may write 

{^v ‘ '•^nVh^ - 

^2’ * • ^n)K 

It follows from § 2 that 

-^'(0)=/4(«l> • • •. - +fa,Mv ■ ■ ■> 0, 

whatever he the values of 

We therefore have 


/«,(«!> • • •> «n)= 0, • • • ■ •, a„)= 0, 

as was just seen. 

We further have 


^ ^2> * ‘ ^n)^l ^2> • ‘ '3 d" ' ‘ ' 

d" ^ f x^x^(?^l3 ^2’ • ' *> • 

If u is to he an extreme for the position under consideration, then 
F{t) must be an extreme for = 0, so that for a maximum we must 
have (§ 3) ^ 0, and for a minimum ^ 0, whatever be 

the values of A^, • • •, h^. If for the time being we omit the sign 

= from the two expressions just written, we have the theorem: 


In order that the function u he an extreme at the ^position 
(^ 1 , * * * > ^7i) which the first derivatives vanish^ it is necessary 
that the following homogeneous function of the second degree in 
K • • •> Ky '^'i^'3 


^ (^) —‘ • a^)A|+ ... 

d" ‘^f * * *> C^f)hfl2'-{" ' 


* See also Peano, § 134. 
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assume only jpositive or only negative values, whatever he the 
values of h^, • • •, h^^, except when these guantities are all simul¬ 
taneously zero. 

13. We distinguish 4hree kinds of integral functions of the 
second degree, or as they are usually called, guadratic formsf viz., 

I. Definite forms, which with real values of the variables have 
always the same sign, that is, only positive values or only negative 
values, and are only zero when the variables are all zero. 

II. Semi-definite forms, which always have the same sign, 
but which vanish also for other values of the variables that are 
not all zero. 

III. Indefinite forms, which with real values of the variables 
can become both positive and negative, and that too for values of 
the variables whose absolute values do not exceed an arbitrary 
small quantity. 

The theorem of the preceding section may be written as follows: 

If for a^, • • •, a^ the first partial derivatives of the 

function u= f(^i, • • vanish, and if in the Taylor develop¬ 
ment $ for f{x-^ -b 4 - h^^) the term which is a homogeneous 

function of the second degree in 7^^, • • •, h^i is an indefinite form, 
then u on the position • • •, a^) has neither a maximum nor a 
minimum value. If, on the other hand, that term is a positive defi¬ 
nite form, then u is a minimum, and if it is a negative definite 
form, is a maximihm. 

The case where the form is semi-definite is included under the 
extraordinary extremes, and we shall consider it later (§ § 20 et seq.). 

14. Next is given a criterion to determine whether a given quad¬ 
ratic form </>(7ii, • • hf) is ^positive definite quadratic form. 

If depends only upon one variable h^, we shall have <j)=Ah^, 
and this is positive when and only when A is positive. 

If (f> depends upon two variables 7 ^ 3 , and we shall have 

<jf) = Ah^ -f“ 2 3hfii^ -f* Ch^. 

* See Gauss, JDisq. Arithm., p. 271. 

t So called, for example, by Scheeffer, Math. Ann., Vol. XXXV, p. 555. Gergonne, 
Gerg. Ann., Vol. XX (1830), p. 331, called attention in particular to this case. 

f This development is found inJull in § 50. 
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If here 0 is a positive definite form, it follows that for h^— 0, 
7ij¥=0, then ^=Ahl, and consequently A must he positive. We 
may also write ^ in the form 

4,=-[{A\+BTi^^+ {AC-B^)hl\ 

If in this expression we give to \ and A 2 values that 

Ah^ + B\ = 0 , it is seen that <56 takes the form ^ - 'I>^) 

We must therefore have AC—^> 0. 

The conditions ^>0 and AC'~B^'>0 are not only necessaiy, 
but they are also su£B.cient that be a definite quadratic form. 
In fact, if we have ( 4[(7 —0 and Bh^)^^ 0, 

and consequently the sum of these two expressions, and also < 5 }), 
positive. 

If, in general, ^ depends upon several variables ‘ 

we may write 

cf>=:=Ahl+2Bh^^C, 

where J. is a constant, B a form of the first degree in 
and C a quadratic form 

If ^ 2 , ^ 3 , • - • are all zero, but ^ 0, we will have B and C zero 
and ^=Ah^. We must therefore have ^>0, if ^ is to be a 
positive definite form. 

The form may be written 

where AC — & is a quadratic form of. A 2 , Ag, • • •. The quantity 
may be determined so that Ahi-j- B= 0 with the result that 

Hence the expression AC — B^ must be positive and different 
from zero. 

Hext write AC-^B^=z ^ 3 , • • •), where is a quadratic 
form in ^ 3 , • • • which is always positive and different from 
zero except when aU the variables vanish. 
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It follows tliat the necessary conditions that (p he a. definite 
positive form are (1) that A he greater than 0 and (2) that 
AC —be a positive definite form in the variables Ag, Ag,.... 

These conditions are also sufficient; for if we give to \ an 
arbitrary value and to Ag, • -. arbitrary values which are not 
all zero, then of the two summands into which <p is distributed, 
the first is positive or zero, while the second is positive. It follows 
that p is positive. On the other hand, if we give to Ag, • • • 
simultaneously the value zero, then \ must be different from 
zero, and from (p = Ahl it is seen that A must he positive. In 
this way the determination of the question whether a quadratic 
form is definite and positive is reduced to the determination of 
the same question in the case of another quadratic form of fewer 
variables.' If then the process is continued, we come to the forms 
in one or two variables already considered. This subject is further 
considered in §§ 53 et seq. 

To determine whether a' quadratic form (p is definite and nega- 
twe, we have to determine whether — p is definite and positive. 
(See Peano, § 137.) 

II. RELATIVE MAXIMA AND MINIMA 

15, To introduce the theory, we shall consider here a simple 
case involving only three variables. Let it be required to deter¬ 
mine the extremes of the function 

toz=F{x,y,z), 

where the variables x, y, z are restricted. Suppose, for example, 
that they are connected by the equation 

f(x, y, z) = 0. 

If from the latter equation z is expressed as a function of x 
and y, and if this value is substituted in the first equation, we 
shall have u expressed as a fiinction of x and y. The values x, y 
which make u a maximum or miaimum cause the total derivative 
d% to vanish for all values dy. 
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dF , dF , , dF , 

■-—dx-^ — dy + — dz, 
dx dy dz 


We have du ■■ 
where dz denotes the differential of z, which is defined through 


the equation 


fax + ^-ldy + tdz = 0. 

dx dy ^ - 


0 % 


If this last equation is multiplied by the indeterminate quan¬ 
tity — \ and added to the equation die = 0, we have 


dx 


\^]dx + 

ox. 


\^y 


df 

''dy. 




dz 


-xT\dz = 


dz 


0 . 


If in this equation we choose \ so that the coefficient of dz 
vanishes, then corresponding to the maxima and minima values 
of u the coefficients of dx and dy must also be zero, and we thus 
have the equations 


dx dx 


»• f- 

dy 


'dy 


0 , 


dJl 

dz 


.xf==0. 

dz 


It is evident that we have these expressions which are sym¬ 
metric with regard to the three variables if we form the tliree 
partial derivatives of — X/, where X is an indeterminate quan¬ 
tity, and then put the resulting expressions equal to zero. 

These tliree equations, together with the two equations /=0 
and u=^Fy determine the unknown quantities X, x, y, z, u, which 
correspond to the values of u for which there exist maxima and 
minima values. 

We may proceed in the same manner with an arbitrary number 
of variables and equations of condition. (See Lagrange, Theorie des 
FonctionSy p. 268.) 

PROBLEMS 


1. Find the minimum value of w, where 

u = if - • • •, 

and where x, z,--- are connected by the equation 
ax + by -{■ CZ + ~ k, 

2. If 4- aig 4- • • ‘ 4- = a, show that 

^ * 4- 4- • • • 4- 

is a minimum when = Xg = • • • = x,,. (Maclaurin.) 





CHAPTEE III 


FUKCTIONS OF TWO VARIABLES 

1. ORDINARY EXTREMES 


16. Let z=f{x, y) be a continuous function of tbe two vari¬ 
ables X and y when the point P with coordinates {x, y) remains 
' within the interior of an area H which is limited by a contour C. 
We say that this function f{x, y) is a minimuTti for a point (Xq, y^) 
of the area £1 when we can find a positive quantity S such that 
we have A=f{x^+ h, y^+h)-f{x^, y^) S 0 {i) 


for all systems of values of the increments h and Tc that are 
less than S in absolute value. The maximum is defined in a 
similar manner.^ 

If we exclude the sign = in the expressions A ^ 0 or A ^ 0, 
the extremes are said to be 'proper (cf. § 1); but if the equahty 
A = 0 exists for certain values of h and h that are less than 
S in absolute value, however small S be taken, we have imjpro^er 
extremes. For example, in the case of the surface represented 
by the equation a; = f{x^ y), the axis Oz being vertical, a proper 
maximum corresponds to an isolated summit, but if these sum¬ 
mits form a line on the surface, this line will be a line of 
improper maxima. Consider, for example, the lines generated by 
revolving the extremes of a plane curve about the O^c-axis. 

If in the expression {%) we regard y as constant and equal 
to ^ 0 , then z becomes a function of one variable x and (§ 2) 


the difference 


Vq) 


can only retain a constant sign for small values of h if the 

derivative % is zero for x — x^,y- y^. 
ox 


* See also Goursat, loc. cit. 
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In the same way it may be shown that these values must 

also cause to be zero. It follows that the systems of values 
dy 

which cause f{x, y) to become proper extremes are to be found 
among the solutions of the two simultaneous equations 


?=». 

ox dy 


(or) 


conditions wMch axe also necessary for improper extremes. 

As only ordinary extremes are considered here, the partial deriva¬ 
tives of the second order of f{x, y) are supposed to be continuous 
(§ 11) in the neighborhood of the values x^, and are not all zero 
for Xq, and, furthermore, the derivatives of the third order are 
supposed to exist. If, then, and y^y^ are a solution of the 

two equations {a), tlie formula for Taylor’s theorem gives us 


^ =/(^b+ K yo+ *) -/(*o> Vo) 


2 ! \ dxl 


■¥ 




+ 


3! 


dx 


•k 


a V 1 


{ii) 


Xq + 6h 

y^y^+ek 


For values of Ji and k in the neighborhood of zero, it is clear that 
the trinomial / 9^2 f 

dx^dyj 8yl 

gives its sign to the right-hand side of (ii), and it is evident 
that the discussion of the sign of this trinomial is going to 
enjoy a preponderant r81e. 

To have an extreme for x=zx^, y^ y^, it is necessary and 
sufficient that the difference A retain a constant sign when the 
point remains within the interior of a square 

sufficiently small which has the point (x^, y) for center. In 
this case the difference A will also retain a constant sign if 
the point y^-^-k) remains within a circle with radius 

sufficiently snaall and center {x^, y), and inversely; for we may 
replace the square by the inscribed circle and reciprocally. 
Suppose, then, that C is a circle of radius r with the point 
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K. y/o) as center. We have all the interior points of this circle 
by writing h, = pGOs^,k=:p sin <j> and causing 4, to vary from 
0 to 2 TT and by causing p to vary from - r to + r. 

Making tliis substitution in A, it becomes 

3 

A = J - (A + 2 7^ sin <)> cos 4,+ C sm^4>) +^L, 

I A 

wher(>s A , /> where L is an expres- 

' 0 "’'(r «v0 

sion wliic.il retains a finite value in the neighborhood of the 
point (,r,„ y/„). 

It is e.vident that several cases are to be distinguished according 
to the sign of 

17 . MthI. cosr. /f^-AOO. 

The e((uatiou A vm^4> A-'-i sin ^ cos <^ + (7 sin^i^ = 0 admits 
two real roots in tan 4>, and the left-hand side may be written as 
the dill’ereiiee of two squares in the form 

A == 'ij [«(o cos 4> + J> ain 4’f— ^(a'cos 4> -f f>'sin 4>f]A- — L, 

w 6 

whert^ a > 0, ^ > 0, and (aV —• ha^) ^ 0. 

liy tiuking the (urcle Bniticiently small we may neglect the 
UsmiB (d the third and high(*.r dc^grees in p. If next to the angle (j> 
a valne in givcm ntie.h that a VAm4> + h sin^™ 0, it is seen that A 
will iu‘gativt‘.; while if W(^ give the angle (j> a value such that 
+ 0, then A will ho positive. 

It is tlu*rc‘fore impoHsible to find a number r such that the dif- 
feretie^e A retains a (umstant sign when the absolute value of p is 
inferior t«) r, while the iinglt^ (f> is arbitrary. It follows that the 
fiinetitat /(j\ //) has no extreme for x = y == 

18. Smmd tune, Ifi—A(J<0. 

It is evident that /I and V must have the same sign. 

The trintmiial 

A + 2 B eos ^ sin ^ + (J 

[(^ (50S ^ + B Bin (AO — J^) sin^<^] 

A 

does wA vanish when 4> varies from 0 to 2 tt. 
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Let m be the lower limit of the absolute value of the trinomial 
and let H be the upper limit of the absolute value of the function 
Zr in a circle of radius It and center {x^, y^. ^ 

Let r be a positive number inferior to B and to-Within 

the circle of radius r the difference A will have the same sign as 
the coefficient of that is to say, of A or (7. The function f{x, y) 
has therefore an extreme for x-=Xq^ y = y^. 

19 . The above results may be summarized as follows: If at 
the point x^, y^ we have 

/ gy Y 

2*0 ^yl 

there is no extreme; but if 

\dx^dyj dx^ dyl 

there is a maximum or minimum according to the sign of the two 

derivatives^,^. 

dxl dyl 

There is a maximum if these derivatives are negative, a mini¬ 
mum if they are positive, and it is also seen that we have a 
jprojper maximum or minimum.^ 


Example. In the theory of least squares it is required to determine x, ij 
so that the expression 

« (■^, 2/) = ^ (“i® + + Ci)2 

*=1 

may be as small as possible. In other words, determine the values of x and 
y for which u (a?, y) is equal to its lower limit. 

Following the methods indicated above we must solve the two equations 

1 « It—n 
1 Oil 

, * Ic—n 
1 cu 

/.--i 

It is seen that the determinant of these equations is equal to the sum of the 
i n (n -1) squares {a^bi - aih],y\k, Z = 1, 2, • •n; ^ < /), and this deter¬ 
minant does not vanish if among the binomials ajcx 4- h^y there are at least 



* See Lagrange, Msc. Taur., Vol. I. 1759. 
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two which do not differ from each other by a constant factor. Under this 
assumption the two equations (A) have one and only one system of solu¬ 
tions Zj, y^. 

I hat u does in fact reach its lower limit for this pair of values is seen 
if we write in (d) z = y = -t- ,,, and expand. We then have 

k = 7i 

(p^Q I/q v) (^07 Vq) — + ^kvT} 

which difference is a 2 ^osiiwe quantity for every system of values except 

^ = 0,7; = 0. 

PROBLEMS 

1 . Find a point P of a plane suoh that the sum PA A PB + PC oi its 
distances to three fixed points of the plane is a minimum. In particular 
consider the case when BA C > 120°, and show that here the point A gives 
the minimum. (Cavalieri, Exercitationes Geometricae, pp. 504-510. 1647.) 

2 . In a plane triangle all of the angles have been measured with the 

same precision and found to have values a, /?, y. On account of the 
unavoidable error in observation, the sum a + + y does not equal 180°. 

Let the difference 180 — (a + + y) be equal to 8, where S is expressed in 

circular measure. What values u, v, m (in circular measure) must be 
added to the three results of measurement if we wish 

(1) that a + ^ + y + w + 75 + «^j = 180, and • 

(2) that yp A A be as small as possible ? 

Amwar. n = ^ 8 = u = w. 


Introduction to the Ambiguous Case B^—AC—0 


20 . We shall first note the difficulties that attend this special 
case, and with Goursat* we shall illustrate these difficulties by 
means of geometric considerations; we shall then call attention to 
erroneous deductions which have been made, and later a method 
will be given, due to Scheeffer, of determining the extremes for 
this case, when they exist. 

Let S be the surface represented by the equation z=f{x,y). 
If the function f(x, y) has an extreme at the point y^, and if 
the function and its derivatives are continuous, we must have 


dx. 


== 0 , 




^0, 


^ Goursat, p. 112. 
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which shows that the tangential plane to the surface jS at the 
point Fq (with coordmates must be parallel to the 

^c^-plane. In order that this pomt shall correspond to an ex¬ 
treme, it is necessary that in the neighborhood of the point F^ 
the surface S be entirely on one side of the tangential plane. We 
are thus led to the study of a surface with regard to a tangential 
plane in the neighborhood of the point of contact. 

Suppose that the origin has been transposed to the point of 
contact. The tangential plane being taken as the ^ry-plane, the 
equation of the surface is of the form 

z == 66 ^ 4 - 2 hxy 4 - 02 /^ 4 - 3 +• 3 ^xy‘^-\- Sy^, (i) 

where a, J, c are constants and <%, 7 , S are functions of x, y 

which remain finite when x and y tend towards zero. To deter¬ 
mine whether the surface 8 is situated entirely on one side of 
the ii? 3 /-plane in the neighborhood of the origin, it is sufficient 
-to study the intersection of this surface by the ii? 3 /-plane. This 
intersection is a curve C represented by the equation 

f{Xy y) = ax^-\- 2 Ixy 4- • • • =0, (ii) 

and presents a double point at the origin. 

21. If 52 _ ac is positive, the equation 

ac(?-{- 2 bxy 4 - = - [{ax 4 - (& 2 — ac) y^'\ = 0 

represents two real and distinct straight lines which pass through 
the origin. Suppose that we take these two lines for the axes 
of coordinates, and note that this is brought about by a linear 
change of the variables. 

The equation {ii) then has the form 

xy-\-R{Xy y)= 0. {Hi) 

If in this equation we write y = ilx, we have 
_ R{Xy ux) 

where it is evident that R{Xy ux) is divisible by 


{iv) 
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It follows from § 140 (seo also Coursat, § 34) that equation 
(ir) has oni^. and only one root, say which tends towards 

ztn’o with .r. lI(ui(*.o through the origin there passes one branch 
of tlu^ cnirve repr(‘.s(uite(l by an equation y=^x^x), which is 
tangent at tlu^ origin to tlu', axis (h\ If we interchange the 
role of tlit‘. two varial)lt‘s x and y/, it is secai that there also 
passivs tlirough lln^. origin a stuuaul branch of the curve O which 
is tangent ti> the axis Oy/. Tlu^ point 0 is a dovhle-point tdth 
diHilnct taiujenfH, 

Ih then, nc> {), tlu‘. intersection of the surface N by the 
tangential plants, presents two distinct laimches of curve 0^ and 
(\^ winch pass through the origin, and the tangents to these two 
hran(*.lu*H of (mrve at the origin are 
nqu’esenitMl through the e(|uation 

-f 2 kvij p Vjf^: '■ 0. 

If we give tt» each n^gitm of tlu‘. 
plane in the lunghhorhood of tlu‘ 
origin tlu'. sign of llu‘ first term in 
(///), as sc’cn in tlu* figure, it is (dear 
that if a ptani mov(‘H along eitlnu* 
of tlie euiaes i\ or C^, tlu^ left-hand 
aide of (///), and (‘onse^iiamtly also 
of (/i), (diaiigcH sign as the point passeH through the origin. It fol¬ 
lows tlifit/(a\//) cltM^s md liave an (‘xtrenie (cf. § 17) at the origin. 

22, If 0, the cnigin is a (hnihle holnUd point; for 

wiiliin tin* interior of a eirtde with sutliciently Biuall radius 
dcwc.rihed aliout iht^ origin as tumier, the right-hand side of {ii) 
otdy vaniaheH at the (jrtgin itself. To show this write x^p cos 
If ? r siti wliere e and // are the aKlrdinatas of a point in the 
iieighhorhcMid of the origim 

FsfUiition {it) iHaaanea 

f{i\ y) vs- p^(ti i*o#^ + 2 h «in + e ain^^ + pL) 

wliem /# is a function of p and ^ whicdi remaine finite when p 
t 4 inrl« towfirdi /iBW. Isi H Im the upper limit of |L| when p is leas 
tlma t imiitivt numtor n 
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men (f> varies from 0 to 2 tt, the trinomial 

a Gos^cf) -h 2 b sin cos (/> -h c sin^<jf> 

retains a constant sign. Let m be the minimum of its absolute 
value. It is clear that the coefficient of does not vanish foi 
any point on the interior of a circle C with radius less than t and 

— > having the origin as center. Consequently the equation 

H ^ 

f(Xj y)= 0 admits of no other solution than 0, y = 0 (i.e., p = 0) 

within the circle. 

It foUows that/(i^’, y) retains a constant sign when the point x, y 
moves within the interior of this circle. Hence, also, all the points 
excepting the origin of the surface S which may be projected upon 
the circle C are situated upon the same side of the ^y-plane. The 
function/(ic, y), therefore, presents an extreme at the origin (cf. § 18). 

23 . When P—ac=0, the two tangents at the double point 
coincide, and there are, in general, two branches of curve tangent 
to the same straight line, which form a cusp. 

The complete study of this theory will be found to require a 
somewhat delicate discussion. 

For example, y^=o(? presents at the origin a cusp of the first 
hind ; that is, one which has the two branches of curve tangent to 
the Orr-axis lying the one above and the other below this tangent. 

The curve y^—2 x^y + — 0 presents a cusp of the second 

hind ; the two branches of curve are tangent to the x-SiXis and 
situated on the same side of it. The equation gives us, in fact, 
y = ofi±x^. The two values of y have the same sign in the neigh¬ 
borhood of the origin and are only real when x is positive. 

The curve s(?y^— Q s(?y -{-y'^= 0 presents two branches of 
curve which offer nothing peculiar, both being tangent at the origin 
to the a?-axis. We have from this equation 

1 + £i;2 ’ 

from which it is seen that the two branches obtained when we 
take successively the two signs before the radical have no singu¬ 
larity at the origin. 
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It may also happen that the curve is composed of two coincident 
branches, as is the case of the curve represented by the equation 

/(as, y) = y^~ + that is, {y — aFf=z 0. 

It is evident that here the left-hand side passes through zero 
without changiug sign. 

It may also occur that the point sJq, y^ is a double isolated point, 
as is presented through the curve 

y^+0(^-\ry^= 0 

at the origin. 

From the above it is seen that if the origin is a double isolated 
point, or if the intersection of the surface with the tangent plane 
is composed of two coincident branches, the function £{x, y)5vill 
be an extreme (in the latter case just given an improper extreihe); 
but if the intersection is composed of two distinct branches-whieh 
pass through the origin, there will, in general, be no extreme, for 
the surface again cuts its tangential plane. 

24. Take, for example,* the surface 

«=(y-!!^){y-2a?‘), _ _ 

which cuts its tangential plane along two parabolas of whichithe 
one is interior to the other. That the surface may noC crossbits 
tangential plane, it is necessary that if we cut this surface by Any 
cylinder having its elements parallel to Oz and passing through Oz, 
the curve of intersection shall lie on one side of the a:y-plane. 

Let y = 4>(x) be the trace of such a cyhnder upon the xy- 
plane, the function (x) being zero for x = 0. If /(O, 0) is to be 
a minimum, the function/(*, 4>{x))==F{x), say, ought to be a 
minimum for aj = 0, whatever the function 

To simplify the calculation, suppose that we have chosen the 
axes of coordinates so that the equation of the surface is of the 

z = Ay^ + i/} -> 

where A is a positive quantity. 

* This is a ganeralizatioa due to Goursat (p. 115) ot the classic example of Peano 
(loc. cit., Nos. 
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With this system of axes we have for the origin 

11 = 0 11=0 ^=0, -i^=o, 

The derivatives of F(x) are 






For a? = 0 = y these formulas become 


i?''(0)=o, i;’"(0)=^[<#)'(0)]2- 

if 0, the fimction F{x) evidently has a minimum for 

x=-0; but if (j>'(0) — 0, it is seen that 

■ ■■ F'(Q) = 0, F"{0) = 0, -P’"'(0) = ^ 
and (01 = + 6 ^4^ <^."(0) + 3 


J’(i'’)(0) = ^ + 6 

dx^ 




Hence, in order that F(x) be a minimum, it is necessary that 
dH - 

be zero, while 

- K + 6-^f'(0) + 3|^[<^."(0)]2 

dx^ dxldy^ dyl 

must be positive, whatever the value of 

These conditions are not satisfied for the surface 


Z = y2_ 3 2 

considered above, while they are satisfied for the function 

Z = 

It is thus seen that in the ambiguous case, where B^ — AO=0, 
the derivation of the necessary and sufi&cient conditions, for 
the extremes of functions of only two variables is going to be 
accompanied by difficulties. It is also evident that in the case, 
of three or more variables these difficulties will be correspond¬ 
ingly augmented. 
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IL INCORRECTNESS OF DEDUCTIONS MADE BY EARLIER 
AND MANY MODERN WRITERS 


25 . One of the greatest mathematicians of aU times, Lagrange 
[Theorie des Fonctions, p. 290), writes: 

If all the terms of the first and second dimensions [see formula (ii) of 
§ 16] vanish, it is necessary for the existence of a maximum or minimum 
that all the terms of the third dimension in h^, •.. shall disappear and 
that the quantity composed of terms where ... (cf. § 51) form four 

dimensions shall be always positive for the minimum and always negative 
for the inaxiinum when /q, /q, • • • have any values whatever. 

Following Lagrange, all writers on this subject made the same 
incorrect deductions until Peano, in the remarks to Nos. 133-136 
found in the Appendix to his Calcolo, wrote: '^The proofs for 
the criteria by which the maxima and minima of functions of 
several variables are to be recognized, and which are given in 
most books, depend upon the theorem that in the Taylor develop¬ 
ment for functions of several variables the ratio of the remainder 
after an arbitrary term to this term has a limit zero when the 
increments of the variables approach zero. This theorem is m 
general false when the term in question is not a definite form 
with respect to the increments of the variables, and when it is a 
definite form, the theorem needs proof.” ^ ^ 

These fallacious conclusions are found, for example, in^ Bertrand 
{Calcid Differentiely p. 504), and also in Serret {Calc., p. 219), 
who writes: 

The maxima or minima exist if for the values /q, /q, • • • which cause 
and #/ to vanish the derivative r/y has invariably the minus or plus sign. 


Here d^f, d^', • • • denote the homogeneous integral forms of 
the second, third, • • • degrees in • • •, when the function / 

is expanded by Taylor’s theorem (cf. § 51). 

Todhunter (pp. 227-229 of the 1864 and 1881 editions of 
his Calculus), for the semi-definite case where B^—AC—0, writes 
the Taylor expansion for a function of two variables in the form 


(see (n) of § 16) 




where is the remainder term. 
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The condition which it appoara tliuL lu^ conaiiUTwl jw .sulli- 
cient for an extreme is that J ami must Imvo the huuu! 

sign, and if the terms of tins .Hoiaiml diiiifnsinti !m« zero for 
the position or positioius in (junstidii, then alsi* the tnriiis of 
tlie third dimension munt ho zorn. 

That this is ‘w( true, is soon at hy tdworvin^ Pomm's 

classic example ,,, jy-j ,aj _ 

where the comlitionn junt lueiititiniHl l•\lf 4 |, ii!llimi|(li in im 

extreme at the m uln^iui}' in § l! 4 . 

ProtaHSor Ilerpnnt (Hftll, of Ihe Am. Maih. *%«#’., Vtil. |\\ [i. 
sayiB, “Our English and Ainerieiui milhta'M ti* l»i» igiiiinint 

of these facts.” 

Write Peano’s example in the feriit 

/(,r, I/) ;s; af 2 I t\rK 

It is seen that the fnnetieu /{j\ li) is in tls^ itiiiglitM,r. 

hood of the origin upon every striiiglit lltmtigli if : Imwi'ver. 
upon the parahnla y ~ tlie funtiiun in ilnf nmglilnirliewl uf 

the origiti is positive, y.imh 
or negative atuHirding as 
2 bm +■ r is positive, 

^ero, or imgaiivtv 

We !aay farther illuHtraie 
this as folhmm: U*l the 
equations 

'PC'. (.'•).«() 

denote two curves through 
the origin. Tho fumdion 

will have psitive values for values ofy „i, ih„ //j „f « 
with origin at the center and radius sufliideiitly siiiitll utn! iit'j^itive 
values on tlic utrAD. lienee the ftiuoiion j/t *', v) hiw mttuitiuia 

values on all straight lines through the origin tliai (•»{ the are /Idniid 
maximum values on the lines tlirmigh tin* origin lh«t i iit llin are AH 
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If, further, the two curves {x, y) = 0, ’F(x, y)=0 have a com- 
mon tangent at the origin with their curvatures lying in the same 
direction, it is seen that all possible straight lines through tlie 
origin are such that the coordi¬ 
nates of any points on them cause 
f{Xy y) to have positive values. 

This is true, for example, of the 
function already considered, 

y) = {y {y - 

In the spaces above and below 
both curves we have f(x, y)>0, 
while this function is negative 
for the spaces between the two 
curves; so that there is a minimum upon every straight line 
through the origin, although there is a maxiummof f{x, y) for 

^2 q2 

all points on the curve y = -. . . x\ 

Jj 

III. DTl^FKRENT ATTEMPTS TO IMPROVE THE THEORY 

26. The existence of an extreme of the function /(x, y) at the 
origin, for example, a minimum, depends upon the condition that 
there exists an upper limit g such that the function f{x, y) for all 
values of x, y which satisfy the condition 

0 < -\-y^<g 

is positive; or, geometrically speaking (§ 16), this condition implies 
that there exists a circle with center (0, 0) within which the func¬ 
tion is everywhere positive with the exception of the position 
(0, 0) itself. 

Instead of considering the values of such a function for the 
coihdinates of points on straight lines through the origin, which 
lines may be written in the form 

z = y=: 

* Note in this connection Scheeffer, Math. J.nn.,Vol. XXVI, p. 197; and Vol. XXXV, 
p. 545. 


Y 
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a $ being arbitrary conslantH, il wi»ulii l.(> u.tiura! i.. raise tli« 
question whether we could not tietenuiiie Oi.' .iuilieieiit rdnaitiaua 

for such extremes by HUulying ‘I"' . urveH .•xiiresst-d 

through tlui algebraic (uiuaiioiis 

= t n.p ! ■ - ■ t ’>J"‘ ' 
i ■ ■ • i /I,'.’-. ■ 

and make the requirement llmt tlie r,.- (/.). //(/)) .shall 

have an extreme for /.• U. whutev.-r \alu. H ile ir m.u b.- HSHi^iuHl 

to the positive inU‘.gcr.H m and << niul t>i llie m i e 'juaiititieH fq, 

aj, • ■ •, • ■ •, d deing ,4 . ..uf.. (hut nil 

the quantititw « and an- n«il Mtinill.iite>.u-,1\ .■. jm 

It may, however, be hIiowii (bal .siieb Miiiu ien! > ••iiiiittHiis ruu/ug 
be derived in the imumer iiidi'iited. F<>i j( wnt>’ 

{.<■, y) y sin'-* <. ^ 

we have two curves dcfint*t! f!n‘ <l»i //i f) 

and ''F(^,|/) = 0 wlu«*li Iiiivo nt l!i«* mih/iu ih*’ * »i%m a *-M||4jiiii|| 
tangent and a C4)ntiict of iiii ».i.|ri 

There k (Uinmic|ucnity no «<f iln^ m ttimh inity \m 
laid between these twti nirvibH; fur rli*jiil) nu,h iiiiwt 

have with either td tlnso ii rnuni.i ,i| tiulrfifiifrl) lii|»li 

order which is iinjKiwilile fur mi lihji'bnii* 

On the other hftml, the {imnniti /^\ vi i/i h 

positive in the wliolti plitiio rxrrjsiinn |-iii .4 ihsi | 4 iiiii- iltiit 
is situated tetweeti the tmu iriiiinfritflriitiil ^ m mUivk it m 
negative. Hence at the origin pi nrjiiifi 4 luitiiiiiiiiii ipfr fi 
minimum for the function/ii\ 1/0 iilili‘»iig!i ilin fuji*iii.i4 npn 
eveiy curve {%} therti witiiw 11 niifniiniiii 
We may thereforii (Inswl front furitirt ir 4 |iiiiriiis*iii« in this 
direction^ and we slmll next rail iiiiriifo*n ilm 

one due to Schaffer aricl the iitlmr Vnii fisinitu hn^ ttlindi aw 
ul in character whiiii the ilitripMu^m hin i.i ai.» miih two 
Iw and wMch uriteim mdiirlt nrr u-t,, m |iricim 
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27. Scheeffer's method. Wtj have seen that functions of one 
variable whu‘ii have ordinary extremes mu be expressed through 
the Taylor develupna'iit in th(‘- form 

( 0 <^< 1 ), (a) 


wlum/(.r) and the (lerivatives/'(.a),. . are zero for 

.r- 0 whih^ functions the change 

in valium in tlu^ mnghborhood of the position .i; — 0 on either 
sitle is fusti'r than that of a givim (piantity aa*'*; that is, positive 
([uantiiitw n, n, and S may bi! ho (‘hosen that for all values of x 
vvitliin the inU*rval B to +S the ahaolute value of /(x) is 
greater tlian the* almohiU^ value of exe.epting the value x=^ 0. 
Fur Binc4* / 0. t'u may ho determine B that for values of 

.r Hucdi that -Bzjxz-B ihu fmuiion is different from 

ztu'o. If, then, wc^ {‘.hoose the c|uantity a smalltn* than the absolute 

value of ^ iu tlu^ interval -- B iu + S, then (see formula (a)) 

witliin tluH interval the (‘ondition |/(a')| > is satisfied. Reci)>- 
namlly, if the last c’ondititm tnxists, the u first derivatives of 
/(x) c’anm»t all vaniah for 0. For in the latter case we 


would hiwt^ 




and from tliw it followH that 




lim ^ ^ '.r 0, 


which cHintradictH the iiHsumption that l/(a*)| 

There art* funeiiotw, Imwevtvr, fcjr example e (cL Pierpont, 
h)C. cik, Vol. I, p, 2tird, for winch sucli cpiantities w, a, B, do not 

.. 

exi«t. In find, tlic atwoluin viiliie of e is in the immediate 
neighlmrluMiiI of 0 Hiiialler timn any arbitrary jx>wer aafK 
Wb may note that the characteristic property of the above 
«M|uirem©nt ttoimisis in tlie fact that the Indiavior of the function 
in the ntiighhorlmocl cjf the origin must be marked with a certain 
cI^hms of didimimm. 
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The following consideration leads io tlu‘ gmioralization of tin* 
above condition for fimctions of two variable's: It is rltair that- a 
function/(ix?, 2^) which vanishes at the origin, if it is oontinuouH, 
has upon the circunifcroiice of i‘V(‘.ry eirch* whirli is dt^HtnaluHl 
about the origin as center with an arbitrary radius r a gnaiti^st 
and a least value, provided tlu‘ fuindion doos nnlnw Ui a 
function of one variable r = V.r" +//■^. Tlu‘ signs ot tiiosi* gn*ntoHi 
and least values, which we deiufte byy’j(r) and /n{r) rospoct ividy, 
offer for sufficiently small radii r a eriUu’ion regarding tin* appoar- 
ance or nonappearanee of an extnuue at thi‘ nrigiiu* F<»r if t!n‘ 
two quantities(r) and/^(/‘) an‘ positive*, there uill be a mitu- 
niurn of;//) at the origin, while if tluw are Imtli iieguti\e, a 
maximum exists at the origin. The r/q/m’ of f/wZ/ar/ni.w’i whieli 
marks the beliavior of the function at tin* c»rigin im elnirueterized 
through the existence of a powt*r with tin* pr(»poii\ tlmt for 
every value of r within a (attain limit g hi4li J\iri nnd /’.gr) 
are in absolute value grtader than 

If this requirement is intf satistied we eaniiot euunt upon 
deriving sure cliaraeteristieH of t'xtrenuei thnmgh the expansicai 
in series. For in this ease tlu*. valiu* uilli wliieh the funeiiun 
f{x, y) in the neig]il)orhood of tin* pnsition tq idfher ap- 
proaches the value zero from the tun* sitle, or Inning piiRhetl 
through zero differs from it on tlie tit!ii‘r .nitiin i-i m, Htih* ittnf 
this value cannot he exprcwtal thnmgh ii \Hmvr vwr mi higfi 
of r. The development in si*rieH eiiniml, therofure, in dt* 

termine whether the value in a little mi the unr sidv uv «»n the 
other side of zero. 

As examples of this kiml imi tlie funeiiun 

a* 

f+i- 

which has a itiimmum value at tha oriKiii. iimt tin* fim.'tiuu 

«!»' n* 

f {if Jf. ar')(y u.<j_ 


•The beliavior of the hmMm/{x, y) at ni.y iH.lnt r„. ilmi. ... 

“/Il>y the mibHtltutlon x x„ f A.,, < «t, t.. I ih.. b-lon o.r 

of tbefunction/(a-ii + /i, A) A'(A, A) for the ibIih". t tt i n 
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which, has neither a maximum nor miaimum at the origin. The 
first function approaches the value zero from the positive direction 

up to the value e ^"(for ?/= 0) while the latter approaches the value 
zero from the negative direction by the same amount. 

To this class of functions belong also those functions whose 
initial terms constitute a semi-definite form and which contain as 
a factor an even power of a series F{x, y) the terms of which 
vanish for real pairs of values x, y in every region arbitrarily 
small where 0 < < 8, 0 < |y | <S (see §§ 36 and 41). Belonging 

also to this category of functions are the functions which reach 
the value zero but do not pass through it for every region arbi¬ 
trarily small where 0 < < 6, 0 < |?/| <S. ^ 

If on the other hand there exists a power whose value, so 
long as we remain within a certain limit y, is always smaller than 
the absolute values of/^(r) and/ 2 (r), then the question whether 
at the origin an extreme of the function exists may always 
be answered by a development in series and by a finite num¬ 
ber of observations. How this is accomplished is found in the 
next chapter. 

28. The method of Von Dantscher. We have seen that by 
considering the extremes on every line through (0, 0) we are not 
able to form any conclusions regarding the extremes of the func¬ 
tion f{x, y) at this point. Von Dantscher’s method consists in 
establishing criteria not only for the extremes on such lines but 
also for all points in the plane in the neighborhood of the points 
on these lines and also in the neighborhood and on both sides of 
the point (0, 0). Although Von Dantscher himself finds that there 
is '^110 need of an extension or improvement of the Scheelfer 
method,” I shall give later the method of Von Dantscher, as it is 
of interest in itself and, besides, it is well .to compare the two 
theories (see §§ 42, 44). 

29. The Stolzian theorems.^ We shall at first assume that the 
function f(x, y) is continuous with respect to both variables in 
every point {x, y) of a rectangle that includes the point (0, 0), the 


* Stolz, p. 213. 
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sides of the rectangle being parallel to the co()r(linat.e a.x(\s. 'SS c‘ 
shall state and then prove the following thcon^iis: 

Theorem I. A necessary condition that J{()^ (^) n proper 
extreme of f{x, y) is offered tlirouffh the existence of an inter rat 

-S_hS, loithin which x{4^0) lies, and such that the upper 

limit of f(Xy y)y when x takes a 
constant value, the variable y leiny 
confined to the interval + x ... — 
is had through the value 
and the lower lim/U through 
y = (j)i(x). This necessary condition 
in question for a 'proper mawimumn 
is that f{x, <l> 2 {x)) he invariahly 
less than f{0, 0), and for a. proper minimum me must hare 
invariably f{x, <j>i{x)) greater than f{(), 0). 

In the first case the upper and lower liinitn of both 

less than/(O, 0) and in the see.ond e-aso tht\v an^ both gn*ai(T. 

Note that lini(/) 2 (^x’) = 0, Rince |< 5 t> 2 (‘Oi — |a’|. TIu^ Hauit*. in triu* 

of</>i(4 

The same conditions muM he true witli regard to the upper and 
lower limits of fixpy) with constant y such that |//[* the rari~ 
able X being limited to the interval y/ .. . p//, whirh tint its are 
reached through the values '\}r^{y) and 'xjr^iy) respeeiiretg. 

Theorem II. The fidfllbnent of all the eonditions matte above is 
sufficient that f{0,0) be a proper extreme of f{x,y). Aerorttingtg 
f{0,0) is a proper maximum if there exists a positive quantity B 
such that we have simultaneously 

[1] for 0 < |.r| < 8, (.r)) </((), 0), 

and 

[2] for 0<|y|<S, I/} <fO, V 

with corresponding conditions for n. proper minitmtm. 

To prove the two theorems just stated we remark tirat that <m 
account of the continuity of /(.«, y) with respect to y the functimi 
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f(x, y) with, constant x and with the assumption that y takes all 
values of the interval — as • • • -{■ x has for all these values a finite ' 
upper limit and a finite lower limit, and further that /(a;, y) reaches 
these limits for values y = ^^ (x) and y = 4>i (x) (see § 8). 

Hence for values of y such that 

[3] \y\ S.|a;| it is clear that f{x, y) Sf{x, cl)^{x)). 

Furthermore, in virtue of the definition of a proper maximum of 
/{x:, y) there must be a positive quantity h such that if only \x\ 
and \y\ are smaller than S we must have 

[4] /(ic, y)-/(0, 0)<0. 

It follows, if |y:'|<^ and »¥=0 and if we substitute y = <^ 2 (*) 

[4], that f{x,<t>,{x))-f{0,0)<0, 

which is in fact the inequality [1]. 

Eeciprocally from [1] and [3] are obtained the inequalities 

0 < I I < S and f(x, y) ~ /(O, 0) < 0, 
where |?/|^|a?|<S. 

If the relation [4] is to be true for all systems of values {x, y) 
where and \y\ are smaller than B (excepting a? = 0 and y= 0), 
then in addition to [1] we must have the corresponding pair of 
inequalities [2], which may be derived without trouble. 

We have corresponding conditions for improper extremes: 

Theorem III. In order that f(0, 0) be an improper maximum 
of fiXj y) it is necessary arid suflcient that there exist a positive 
quantity B such that for any x with absolute value less than B 
the value f(x, greater than f{0, 0) and for any y 

with absolute value less than S the vahte f{^^{y)i y) is not 
greater than f{0, 0 ); while at the same time corresponding to 
every positive quantity B^ which is less than 8 there is at least 
one value of x or y whose absolute value is less than B^ and for 
which either f{x, <j> 2 {^)) or f{'^^{y)> y) equal to ftp, 0). The 
conditions for an improper minimum follow at once. 
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Theokem IV. That/(0, 0) may mt be a miuiuuim (proper or 
improper) of f{x, y) it is necessary and suflicient that to cnmry 
positive quantity S there either exists a quantity with absolute 
value less than S, such that 

[5] /(.<<#>!(.'«')) </(«■«)’ 

or that there exist a quantity y', with absohiU*. vahie le,.ss than S, 
such that 

[6] /(ti (A/)</(». 0); 

and that /(O, 0) may 'not be a inaxinuim (proper or iinprop(‘r) 
of f(x, y) it is necessary and suflicient that eorrcspondinp: to 
every positive quantity 8 there may bc^ found eithm- a (piuntity ,c", 
with absolute value less than 8, suc.h that 

[7] f{x",U^'’'))>/{0,0), 

or a quantity y", with absolute value. hwH than 8, such that- 

[8] /(t2(y")./)>/(«.(»)■ 
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THE SCHEEFFER THEORY 

I. GENERAL ('RITERIA FOR A (JREATEST AND A LEAST 
VALLE OF A FFNC’TION OF TWO VARIABLES; IN PARTIC¬ 
ULAR THE EXTRAORDINARY EXTBEMES 

30, tluMinuuH ()i‘ St(4z which were dcweloped in the pre- 
ttcdini^ iirticdt^ an^ cdcmdy nduUnl tc thone of Scdiecffcr, which are 
of practical vahu*. niiu^c the tuatipulatioiiH reqtiired have to 

do nioHtly with a few of the initial terms of the expansion of 
d) in am*4aidinf( positive integral powers of x and y. 
\V(^ shall assinm^ that lh(‘ fuiudion /(.r, y) is such that it may 
hi‘. expanded hy th(» Taylor-Eigrange theorem in the form 

f h, // f /.•) 

/(•c //) d [ V’,;. (.e p 0li , // + 4- {X + 0K y +• 

/(X, //) 4 //) + /‘/|/ (a*, //) 4 I [l^'Yxx{x + y 4“ BIS) 

+ 2 hkfj^^ (x + Oh, IJ + Qk) + 4“ Bh, y 4- Bk)\ etc., 

wliere tl* L 

If wi*i write .r ih ami then put k—y, it is seen that 
1 11 J L^'» !i) J (d» d) (*e, y) 4" y)» 

wliere i*n{x,y) denotes the collec^tivity td terms of the n first 
dimenahais nml /y, w the remainder term (liigrange, 

Ththtie iifH hnn, Vol. I, p. 4d). 

The Scheeffer theorem. // xu index n a7id positire quwiititws 
it ami B van he iletrrfnijifd /c mttwfy the imo postulates (1) that for 
all values of x suvh ihai |a‘| < X the upper and lower limits 
of uniJi eimstnnt values oj x aiid *with y limited 

to the interval - .r • . . + .r, ami (f) that for all values of y surh 

in 
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that (?<| 2/|<8 the upper and lower limits of y)|s«|y|’', 

where y has constant values and where x lies within, the interval 
then the two functions f(it\y) nml 0 '„(r, y/) hare 
simultaneously on the position {0,0) either a proper maximum, or 
a proper minimum. 

For, let the lower and upper limits of 0'„ {x, y), with constant, x 
and with \y\ S \x\, be Gn{x, (*)) and G,fr., *\'>.fx)) (h(h> § 2i)); and 
with constant y and with |£»|S|y/| let the upp(n' and 1 i)W(m- linuts 
of y) he y) and (.'/)• >'/)• 11 .'/) 

is a homogeneous integral funetion of tl\e (■«•+ l)th dimension in 
X, y and consists of n + 2 terms, we. note, that corresponding to 
any positive quantity d we may always find another positive' 
quantity S' such that if 

\y\S\x\ and 0 <|a!|< 8 ', then |A„|.i(.r, y)| < (w, + 2 )t'|.cj|.c|'*; 
and also such that if 

|a:|S|y| and 0 <|y|< 8 ', then |/i’„ ,1 O'’?/)| < («• + 

Hence writing («,+ 2)e'|.a|= e and {n + 2 )€'|//|= e, and denoting 
the corresponding value of S' hy S, it is seiin that there, is always 
an interval — S • • • + 8 such that if 

[2] 0<|a:|<8 and | 3 /|S|a'i, then |A‘„,i(.c.y/)|<«|.r|"; 
and if 

[3] 0 < |y| < 8 and |a;| ^ |y|, then |/f„ {x, y/)| - c|y|". 

It follows then from [ 1 ] and [ 2 ] that for values of ./•, ;/ such 
that |a!| < S and \y\ S |;£| we hav(« 

[4] Gn(x, 3>i (»)) - 6 | </(x, y) -f{(), 0 ) 

<Gn{x, d)2(^))4.«]j’|«; 

and from [ 1 ] and [3] that for values of x, y smdi that 0 < j//| < S 
and |a;| S |y| we have 

[5] G‘«(^i(y),y)-€|y|'*</(x, y)™/(0. 0) 
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If next we aaaume that <?„(0, 0) is a proper extreme of 

postulates of the theorem have been 
satisfied, then if r4(0, 0) is a minimum it is evident for small 
values of a; and y that and On{'^y{y),y) are positive 

quantities, and from the postulates it follows that for values 

0<|aj|<S and |y|S5|a;| wo have C;«„(a;, 
and for values 

0 < IyI < S and |.r| -- | //1 we have {y), y)^a\y\^\ 

Ae.cordiugly it follows from [4| for values 

[6] 0<|r|<S and |v/|Si|y.| that (a - e)|a’|»</(x', y)-/(O, 0); 

and from [5] for values 

[7] 0 < I v/| < a and |.r| S ly/| that (« - e)|y|*</(*, y) -/(O, 0). 

Since € may bt^ made'- smaller than a, it follows in both [6] and 
[7] that/(.r, .y)—/((), 0) is positive and consequently that/(0, 0) 
is a proper mininuim of/(.r, y) (see. Stolz s second theorem, § 29). 

If 0) is a prop(‘.r maximum of y), then with small 
values of x and y tlie expressions ^nC^ 2 {y)> V) 

inuat be negatives. 

Hence, due to the postulates for values 

0<jx| <5 and |y| ^ \m\, we have <l> 2 (a:))^— a\x\'^, 
and for valmw 

0<|y|<Sand |»r|"! | 3 /|, we have 

and in a similar manner as above it follows that /(O, 0) is a proper 
maximum of f(a\ y), 

31. Stokes^ added theorem. If 0) i$ not an extreme of 

y), the follinmny mfuiitwm are Btifieient to make it impossible 
that /{O, 0) shindd be an extreme (f fix^y): if (J) for all positive 
values of x and y such that ^ < |:«| < S and 0 < | 2 /| < S, or for all 
negative valum toithin the same limits, at least one of the two upper 
limits of G^{x, y) defined aham is pmitim and mt less than a\x\^ or 


* Stok, p. 218, 
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a\yY respectively, and. {%) for all positive values of .e ei.iul >/ sur/i 
that (?<|*|<S and r;<i2/l<6, or for all na/atw- ralii.es irit/iiii 
the same limits, at least one of the tm lower liin iis of i/) 

defined above is negative and not greater than - or - «|//|'' 

respectively; that is, if, under the restrictions Just wa(le,(,\^ {.r, (f>,^{.r)) 
is. positive and G.fix, <I>i(3!)) negative, or if '/) is- imsitire 

and y) negative. 

If we limit x, for example, t.o the interval 0 ■ • • 6, and if we 
suppose that the following ineciualities d>,^(.c)) - «].<• " and 

Gn{x, <E>i(»))S —a|a:i|" exist, it is ,see,n that tlu'se twn expressidns 
vanish only for x = 0. 

From [1] and [2] it follows for //• and g that 

for values of x within the interval in (luestion 

f{x, <4>i(»))-/((), 0) <. {a . 

and f{x, <I >2 («)) - /((), 0) > («■ - e) | .<• | 

Since we may take e<a, it is stsen that in tlie two expressions 
just written, the difference on tlie, hfft-hand side is in the lirst east* 
negative and in the second case positive, so that/((), 0) is not an 
extreme of f{x, y) (see Stok’s fourth theorem, § 2!)). 

32. The analytic proof given in § iff) of tint Seheeffer them-em 
is essentially due to Stok. Owing to its importanee we shall give 
Scheeffer’s statement of this theonun witli iiisgeometrie tleduelions 
{Math. Ann., Vol. XXXV, ]>. .ffV!). 

The Seheeffer theorem otherwise stated. Let ,/'(.<■, //) he any 

function as already defined of x, y whieh vanishes at the origin * 
and let its behavior in the, neighborhood of this jioint he snfh' 
ciently explicit for the de,term%nation- regarding the appearanee 
of extremes by means of power series to he possible ; in other words, 
we assume that there, exists a power ar" such that upon rn n/ 
circle described about the origin as center, whose ratlins r is not 
smaller than a definite, quantity g, the. greatest and the irasi rallies 
of the function f{x, y), viz., ffir) and f. fir) for all points of the 

dJnssfol!!’®^ -/(0.O)InthopIaf«»f/(Ay, in the j, 
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cdrcniyifcrence 
(jrmMT than 
gimn above 


of the circle with radius r, are in absolute value 
Lvf\ Then in the Taylor-Lagrange development 

f{x, y) = (,r, y) 4- y), 


where + V) eonsists of all terms beyond those of the nth 
dmicMsion, the integral rational function y) behaves in the 

neighborhood of the origin as docs the function f{Xj y). For, as 
’We shall show, in the first place the greatest a7hd the least values 
of both functions correspond, with ^respect to sign for every small 
radius r, and from this it follows that there appear simultan- 
eously at the o^rigin extrcvixs for both functions, if such extremes 
emst; aiid secondly, if a^ is any quwniity situated betwee7h 0 and a, 
then upon the circimference of every circle with radius r {within 
a certain limit f) the greatest and the least values of the function 
y) are in absolute valne greater than and from this 
it follows also that the degree of distinctness that 7naTks the 
behavior of G,i(^^\ v) same as that of f{x, y). 

It ia cvideiil that wo may rephuie x and y in the remainder 
term //) *^0' where r ia tlu^. radiua of the small circle 

about the orison witlun which the point (.c, y) is situated; and 
at the same time wa may repla(*,e all {‘coefficients by their absolute 

values. In tlua way W(^ have for the absolute value of L%^j^i{x,y) 

a 

an xippcr limit Jr» Wo Hhall take tho radius r smaller than — 
HO that tir" > Ar" ' *. 

Kinec /,(/•) and /^(r) arci hy hyi)othoses greater in absolute 
vtdue than ar", it follows from tho equation 


?/) ?/) ~ K 1 1 ?/) 

that those values of .c, 1 / on the periphery of the circle with 
radius r which give /j (r) and (r), cause (x, y) and /„ (x, y) 
to have tho same sign. If/C''’) same sign, it 

follows from tho ahovo expression that the greatest and least 
values of 6 '„(.b, y) have this same sign. If the two quantities 
fiiO and f^(r) have contrary signs, tho same is true of y) 

for those values of x, y which produce /i(r) and 
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consequently for a greater reason thii greatest and least, values 
of G,,{x, y) have contrary signs. 

The second part of the theorem follows in tlie .same way if 
we take the radius r not only smalh'r than but also so small 
that ar’‘-Ar>‘+i>rtV‘; that is, if we put //' ecpial to '' mul 

take r less than (J. It is then eviilent that the values of ./■, y 
which produce/i(r) and/a(r) when wriltea in the expre.ssiun 

cause the right-hand side to he in absolute value greater than n'r" 
when/i(r) and f,i{r) have the sana’ sign; and when these two 
quantities have contrary signs the e.orrespomiing values <»f 
G^{x, y) will in absolute value be gnaiter than tt'r", ami the 
same must a fortiori he true of the greatest and the linist 
values of <?„(*, y). 

33. If, however, we cannot find an integer n and a quantity u' 
which satisfy the conditions above, wt* can make no eonelusioiiH 
regarding the behavior of the fumdion /(.e, //) by means of powers 
series and by usirrg the method indicated. For in this ea.si' we 
shall show by means of simple examples whieli follow this ehap- 
ter that in some cases the function y) is invariably ]Hisitiv(>, 
while/( k, y) may bo also negative; and in some ea.se.s aj.r, y) 
may be both positive and negative while /{.r, y) retuin.s a con¬ 
stant sign (see Ex. 3, p. (il, and IVob. 2 , p. ti'i). Hut if the 
conditions of Soheeffer’s theore.m exist it is seen that the in¬ 
vestigation of the function /(.e, y) has lanm reduei-d to that of 
the function G^ix, 3 /); in other words, the investigation has 
resolved itself into the question: JInw mn we nrai/nize whether 
u limit g' omd a g%(i,%tity n/ e,rint mieh (hut 11 pun erery eirete 
with Tctdius T<^g^ th6 gtentest <tnd the letint ruhtex uf 11 i/ireii 
integral function of the nth degree 0„(.e, y) are in nhsulute ritlne 
greater than a!r^t And how can we epentually fi.e the xignx of 
these greatest and least values and thereby determine the ewtremex 
of the function ©„ [x, y) ? 

These questions we shall now answer. 
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11. HOMOGENEOUS FUNCTIONS 

34 . In the expansion .ot f(x, y)-/{<), 0) suppose that the first 
terms that appear form a homogeneous function of the nth. degree 
in X and y which is the function (?„(», y). With respect to such a 
function there are three cases to consider, according as this func¬ 
tion is a definite form, an indefinite form, or a semi-definite form 
(see § 13). If we write 

4 = 0 

it is seen that On(x, y) changes upon every straight line through 
the origin proportionally to the nth power of r. * If then G-^ and 
Q-re the greatest and the least values of Gn{x, y) upon the 
periphery of the unit circle, then G-^t'^ and G^t'^ are the greatest 
and least values upon any arbitrary circle r. 

The signs of G^ and (?2 may be obtained directly through 
decomposing I y) into its linear factors, which may be found 
by solving an equation of the nth degree. For we may write 

G„{x,y)=x^^G,ll,^=x^9{y), where ^ = n 

and g{n) is an integral function of the wth degree in u. Owing to 
the fundamental theorem of algebra, g{u) may be decomposed 
into factors which are linear and quadratic with negative dis¬ 
criminants if we restrict all the coefiBcients to real quantities; or 
these factors are all linear if we allow imaginary coefficients, the 
quadratic factors breaking up into two imaginary linear com¬ 
ponents. If these factors are multiplied by the respective powers 
of X, we have the corresponding decomposition of y) into 

its linear and quadratic factors. At the outset it is clear that 
if the degree of y) is odd, then Gy and G^ must be equal 

but of opposite sign, since (?„(»:, y) changes sign when x, y are 
changed into —x, —y. Furthermore, note that G^^i^x, ay) = 
y), where w is a positive quantity. It follows that if 
Gn(x, y) is positive, negative, or zero, then Gn{o>x, ay) is positive, 
negative, or zero. 
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If y) is au indefiiiite form, there are values y whirli 

give y) a positive value, and other values ,r, y which gi\'(‘ 

it a negative value. Let S he a positive quantity howcvcsr sinall. 
It is seen that by a proper choice of co wc may find valut's of .r, 
y where |x‘| < 8 and | 2 /| < S such that y) is positive, and othe.r 
systems of values x, y within the same interval for which O',, (./•, y) 
is negative. Accordingly the value O'„(0, 0) is not an extreme, of 
0,,{x,y)* 

If,however,nis even, and,if the. linear factors of 0'„(.r,y) 
are all imaginary, then Gn{^> V) cannot change, sign nor vanisli. It 
is a definite form and the quantities t,'^ and 0 ',j have llu' same 
sign. If, secondly, there are real linear factors, and if at lea.st oiu' 
enters to an odd degree, then 0 '„(ai, y) takes hotli signs. y) 

is then an indefinite form and the sign of (,\ is diirer(>nt from 
that of (rg. If, thirdly, there enter real linear factors, hut t*aeh 
only to an even degree, the form y) may vanish hut it 

cannot change sign. It is a semi-definite form, and one. of the 
extremes and is zero. In this ea.se hy a pnqter ehoie<! of 
ft) above it is seen that 6 '„(,r, y) vanishes for values of ,r, y otluu’ 
than zero and situated within the. inUtrval |.r|- . 8 and 
In this case fx„(0, 0) is an iiiqu'oper extreme of t/„{.r, y); and 
the behavior of f{x, y) at the origin (auumt he recognized with¬ 
out further discussion. 

In all casest except the Inst a positive eiuantity tt' may he so 
determined that upon every arhiti-ary circle r tlu' greaUfst and 
least values of the function (ln{r, y), viz., f/pr" and are in 

absolute value greater than a'r"; for we need only take it' smaller 
than the absolute values of fr'i and/f'j. In these <'a.HeH (again 
excepting the last) there are found in a suflieienHy distinct 
manner (in the previous precise sense of the wtfrd, see § 27) (dther 
a maximum or a minimum of the fune,tion (}(x, y), or therti does 
not exist such an extreme. 

The decomposition of (?„(a 5 , y) inU) its linear factors is not 
necessary, since we may determine the sign of and by 

* Cf. Stok, p. 222. 

t The discussion is for the most part diu* to Hclieefrer. loo. t-il. 
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means of elementary algebraic operations. For we may determine 
the multiple factors of y) and write this function in the form 

Gn{^, 2 /)= 

where, in general, is an irreducible factor of the y^th degree in 
X and y with integral coefficients and \j. denotes the number of 
times this factor occurs. Then by Sturm’s theorem we may deter¬ 
mine for each such function y) the number of real factors 
and by Xj-. the number of times such factor is repeated. 

The theory just outlined of the integral homogeneous functions 
offers, owing to the Sclieeffer theorem for the general theory of 
maxima and minima of arbitrary functions, the following theorem: 

If in the development of the function f{x^ y) in povMTS of x, y 
all ierm^s of the first to the [n — 1) th dimensions are identically zerOy 
while the terms of the nth dimension constitute a form Gn{x, y) 
homogeneous in x and y, and if, first, G^ y) is an indefinite 
form {which is always the case if n is odd), then on the position 
{0, 0) there is neither a maximum nor a minimum of the function 
f{x, y); if, secondly, Gfix, y) is a definite form, there enters accord¬ 
ing to the sign of this form an extreme of f{x, y); if, finally, 
G,fx, y) is semi-definite, the behavior of the function f{x, y) cannot 
be recognized from the behavior of G^fx, y). 

From this theorem it follows that if /(O, 0) is an extreme of 
f{x, y), the terms of the first dimension of the expansion by 
Taylor’s formula ofy)-/(0, 0) must be wanting, and conse¬ 
quently we must have 

/'(O, 0)=0 and /;(0, 0)=0. 

If, furthermore, 

f{x, y) —/(O, 0) = Ax^-\- 2 Bxy -h Cy^^A- y), 

then /(O, 0) is not or is (in fact a proper) extreme of / {x, y) 
according as negative or positive. If this discriminant 

is positive, then /(O, 0) is a maximum or a minimum according 
as A and C (which necessarily have one and the same sign) are 
negative or positive (see •§ 14). 
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But if AO — 152 = 0, a criterion regarding an extreme of f{x, y) 
with the help only of the terms of the second dimension cjannot be 
had. We must then take in addition terms of the third, fourth, ■ ■ • 
degrees in the above expansion of /(.r, y) in order, if po.s.sil)le, to 
satisfy the postulates of Scheeffer regarding tlu'. function y). 
In this case we may write, if A is diiie.rent from zm-o, 

/(®. y)-/(0, 0) = ^(Aa;-|-/%)2+/,;(.r, ?/)+/,’(.c, y)-\ -, 

where I^, P^,- ■ ■ denote the collectivity of tlu^ U^rm.s nsHptHtively 
of the third, fourth, • • ■ dimensions in x, y. 

If in this expression we write x = Ht, y ■ - At., it is stnm that 

-At)-f(0, 0)= A,0+ A,t*+ .... 

and if the constant A 3 is different from ztfro, it is seen that by 
giving positive and negative values to t, the above. expre.H.sion 
may take both positive and negative values, so that tlim-o is no 
extreme of f{x, y) on the position ( 0 , 0 ). 

But even if the first term that apptuvrs on the right of tlu« 
expansion in t is of oven degree, we cannot conclude that there 
is an extreme, as is illustrated by the classic examphs of Peano 
(see § 24), viz., f{x, y) = Ay2+ 2 liAj + CM 

Further investigation is therefore necessary when tlui terms of 
the second degree constitute a semi-dotiniUs form, and this e-ase 
is continued in the following sections. 

III. EXTREMES OF THE FUNCTION y). INTECRAL 
IN X AND y, WHICH IS NOT HOMOCENKOUS 

35. We must next determine whether or not the value ('>'„( 0 , 0 ) 
is an extreme of (?„(£c, y) when this function is not hoinogetreous 
in X and y and when the terms of the lowest dimension in G^{x, y) 
constitute a semi-definite form. We must again raise the (juestion 
regarding the existence of an expression aV» which for all sufli- 
ciently small values of r is to be smaller than the absolute values 
of the greatest value and of the smallest value of 0„ (x, y) u|Km 
the periphery of a circle of radius r, where t is sufficiently small. 
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In order, then, to acquaint ourselves with the different possi- 
.lities which may enter in the behavior of the function y) 
i the point (0, 0), we take a small circle with radius r and seek 
pon it the two positions at which the function G^{x, y) takes 
3 greatest and its least value. Call these values the extreme 
iluen of y'). I hoy are found (see § 15) by solving the 

ii-ee 0(1 nations 

- : 0 , 


dx 

dy 


■ \x 




a? 4 “ = 


0 , 

. ,^2 


y eliminating X from tho first two of these equations we have 
i eijuation of the wth degree 




dCl,, 

" Sy ’ 


dx 


(i) 


( eciuation which is satisfied by all values of x and y which 
!or extroiue values of G,i{x, y) upon any arbitrary circle r. 

It is known in tho theory of algebraic functions that every 
anch of an algebraic, curve of the «th order which contains the 
igin may bt( (‘.xpressed in the neighborhood of the origin through 
. independent variable (/r, say) in the form 


X a^k + aji? + • • • 1 


iii) 


(I this expression for tho o.urve may be made in any number of 
[i’orent ways snob that in eacih of the aeries for x and y the first 
efikiioot which is different from zero (in case there is one) has an 
poneut which is s a. It follows that both those branches which 
dude the origin of the curve (^), and whose points of intersection 
th thi^ circlfis of small radii offer the extreme values of G„(a;, y) 
lon tht^ae (tirc-los, may be expressed in the form (n) through an 
dependent parameter k, so long, at least, as we remain in the 
imediattj vicinity of the origin; that is, so long as very small 
lues a n't ascribed to A. We shall cjall these two branches the 
o extreme eurvm of the function G^ix, y). 
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36. We must next distinguish between the euwes (1) whcni 
(excepting for isolated values of r) the extreime valiums of y) 

are both different from zero and (2) when one of ihest* extremes 
is zero. 

If both extremes are different from zero, tht‘ii tin*, (‘xprt^ssion 
y), if we write for x and y tlu‘ two st^ritss (//) which corn*- 
spond to an extreme curve, will Ix'gin with a Uuun whi(*h hu- 
small values of h determines both tlu^ sign and tlu* onhu’ of magni¬ 
tude of the entire expression. This ordtu- is (lu^ /ath ord<'r if wt^ 

consider h a quantity of the iirst ordtu*, and it is of (lu* (h ordcu* if 

/i 

we consider the first order, wluuv is llu* smallt^sl oxponimt 
that actually ap})ears in (n). The numlxu' /x, as \vt‘ saw abnvt‘, can 
at most be equal to vn Wt‘, hav(‘. similar (|uanlitit‘H A\ iii\ fA for 
the second extreme curve. If tlu^ two numbers /a and //Y arc mq 
])oth. even, theixi can be no maximum nor minimum of //) at 

the origin, since this function in this case* changes sign with /.• 
upon ail extreme eiirvtx Tlu‘, same is trm^ if f/i and art* cv(*n 
numbers while./ ami d'havti opposite signs, for then the function 
y) Hhows difrerent signs upon the two c.\tn‘im* cur\cs. 

If, finally, m and m/ are both twen whiles A and ,T havt* tht* same* 
sign, then weliavo a maximum or minimum of //) according 
as this sign is iu^gativ(‘. or ]K)Hitiv<*.. 

In all three cases it is (d(*ar that a (puintity (A ami an uppt*r 
limit g' of r may be so determined that for r- tj tlu* vuIut*H «»f 
y) apon liotli (extreme curvi*H are evt*rywlu*re in abstduti* 
value gi'eater than aV', wIuuh^ p is iht* grt‘att*r i»f tlic tw<i 

numbers and — * 

If, however, the value of y) is invariably zt*rt> upon tail* of 
the extreme curves, there cannot he a maximum ta* nuuiinum at 

the origin, nor is there an cxprcHsion «/•;•/' of the kin.i rfi|iurfil 
above. But this can only occur wlu'u y) contuin.s u H.juurcd 
factor which when put ecpial to 0 <lc(im'H n real doulilc curve 
that passes through the origin; for othcu’wiNc, with the vanish 
ing of G*„(a), y) upon crossing the circumfertuice of any cindt* with 
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radius r, there must be a change of sign in G,,{x, y). The squared 
factor enters as a factor to the lirst power in (w), so that points 
on this curve make y) identioally zero. 

- In the seciue.l we shall assume that such factors have been di¬ 
vided out of y), so that the (‘,ase in (question does not enter. 

Under this assumption, which must be tested in every indi¬ 
vidual (-as(S iluu'e (‘xists, in virtue of the considerations already 
laid down, always a smallest number 2> associated with which a 
e.onstant a! and an uppca* limit g’ of the radius r may be so de- 
Uumuned that upon every elrele of radius r</ the two extreme 
values of U,, (a*, //) ari^. in absolute value greater than ; and, in 
fa(‘.t, this nuinbi‘r •(> (if the order of r is taken as unity) expresses 
the degrees of tlu‘ magnitude of the function G,^{x, y) upon that one 
of the two extrmiu^ (un'V(‘s upon whicli this order is the highest. 
If p is at nuwt equal to vq then eV/' for small values of r is not 
Hiualler than n/r", and llu*. two t*xtreme values of y) are there¬ 
fore*. (‘.ertainly grt‘aU*r in absolute*, value than ; but itp is greater 
than th(*.n for small values of r at l(‘ast one of the extreme 
valu(‘s of (j\ //) is in absolutt*. value smalhu* than aT^\ however 
the (‘onslant a may Ih^ ehostm. 

It is thus wMMi that in virttu*. of the fundamental theorem the 
hinetion 6',, //) may 1h* used as a, (*rit(‘i’ion for determining the 

i^xistenee of a maxitmnti ov minimum of the function /(x, y), 
wlu're f/;, (a //) <‘unaiHts of tlu*. t(‘.rmB of the lirst to the ?/,th order 
of whmi tlu^ clianuderistie. exponent p is at most 

(*(j!!al to /o 

37. If in tin t*xainple we wished to discuss the function G^^{x, y) 
in the mannor indicailed above, we must calculate the coefficients 
cjf (/i), whi(»li. in general, is a sonuwvhat compli(aited operation. 
The f(»lh)wiiig mt‘thotl hiids, however, indirectly to the same 
n*sult, viz., that of finding tite extr(‘me values of G,^(x, y), and thus 
cdTcu’s an easy iiietluKl fca* the erit(*ria in (luestion. The method 
in question in fimt to make* use of the Rtolzian tlieorems of § 29, 
niul then by applying tin* Heheefferian theorem we may reach the 
desired etmelusiona. Accordingly we must determine the upper 
and lower liruitH of G„(x, //) with constant x and |//| = |^| as well 
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as the upper and lower limits of this fuiustiou with (‘oustaut y 
and |«| S |yl- For brevity put (} = (.r, y). 

The values of y, viz., y = luul //=• ■ d>, (. 0 ), whic.h offer 

the first-mentioned pair of limits, fall (other irilhin tlie interval 
— S 0 ---+X or upon one of tlm (‘lul-values // .r or y - + .i\ 
When they fall within the inte.rval, sinee, ('/„(,/■, //) is a continuous 
function which has a first derivative with respect to //, it is seen 

that y = 4 >i(x’) and y = <I>2(.r) are solutions of the e(|uation ''' (i. 

In the second case, when they fall upon tlu' end ■i«)inls df the inter¬ 
val, then y = x or y ±= — a; may offer the. di>sire(l limit or limits. 

It is permissible throughout tl)(( whole discussion to jix a posi¬ 
tive (|uautity a< \ as the upjKT limit for l.cj, wimre n is taken .so 
small that y = <I>2(a;) ami y-=d>i(.r) are eonvt>rg(‘nt serit>s in ,c, 

which, when subsiiiutad in tho a(|nali<»n 0 idrntifullj Niiiisfy 

it. Furthermore (see § 29), sinee Urn (.r) ancl lim ™ 0, it in 

.!' i) .r . 

seen that no constant term (iun e.nter c^xpressiunM 

The method of deterininin|>; tln^. diOVrcml vulnen af // whi{*h 

satisfy the equation ——(} is found in §§ htq, these 

values be 

{^1 

38. We may next Bm which of these funetious nmy he neglected 
from the investigation. If P{.r) denoi4‘H any f»f the functions 
Fi(x)(i — 1, 2, • • *) and if P{x) 1ms the hmm 

(1) P(^) = where p mid # ^0, 

then, to any arbitrarily chosen €>Q tliere eorres{«»mli4 u f|iiiiiitily 
8>0 such that there are values Lr|<IS f<ir whieli * g; 

and for such values of x we have 

(2) |/"(^)|>|.r^|{ju: rj. 

If p lies within the interval Q<p<A mul if j.ij in further ao 
diminished that €>|*i’d then from (2) it is iteeti that 
|P(ir)| >|a3|; and consequently would full without the 

fixed interval x • •. -f* j?. We see, therefor«% thnt iiiiy wlii«di 
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begins with a term -, where 0 <p<l, may be neglected 

from the number of functions given in (i). 

If, next, /o = 1 and |<x|> 1 , we may take e so small in ( 2 ) that 
|al~ €> 1 , and consequently \F(x)\>\x\, so that such series may 
also be neglected. 

Furthermore, if one of the series (i) begins with +1 • x ot —1 • x, 
and if the second term has the same sign as the first, then evi¬ 
dently |P(a;)| and such a series may accordingly be neglected 
from the investigation. 

39, The remaining series in (^), together with the values which 
correspond to the end-points, viz., 3 / = -f a? and y = ~x, give, 
when substituted in G(x, y), the following functions; 

G (x, --x), G (x, 4- x), G {x, (x)), G {x, {x)\ . . .; (ii) 

and we have to determine which of these functions presents the 
upper and the lower hmits of the function G {x, y) for the interval 
in question. 

By taking ^*^(<1) sufficiently small the first term in any of 
the functions {ii) is as a rule sufficient in determining which 
will give the required upper and lower hmits. Of course, if two 
of the functions (ii) have their initial terms the same, it may be 
necessary to introduce their second and higher terms to determiue 
which furnish the required limits. 

Of those functions whose first terms are negative the one with 
smallest exponent gives the lowest hmit; and if two series have 
the same negative exponent, the one with greater coefficient 
offers the lower limit. If there is no function in (ii) whose first 
term is negative, then in determining G{Xy we note that 

of those functions whose first terms are positive that one with 
highest exponent offers the lowest limit; while if two functions 
have first terms with the same exponent, the one with smaller 
coefficient offers the lower hmit. These observations must be 
made w^ith both positive and negative values of x, where \x\<a. 
If one of the functions in. the series (ii) is zero, while the others 
all begin with a positive term, then G{x, ^>i(a;))=0, etc. We 
proceed, in the same way in determining G(x, 4>2(a3)). 
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40 . To determine and '!/)> t'<'’kiug y (“.on- 

stant, we limit x to the interval - y Denote by 

^i(y). Q'iiy)’ Qsiy)’ •••- 

those values of x which expiessed in power acu-ic^s in terms of y 
satisfy the equation — = U. 

The two limits in (question are to be found among i\w funetions 

^(- y)> v)^ (KQi{i/)^ //)> //)> • * 

the method of procedure being the same as abovt*. 

When each of the four limits a), etc. has btam dettu’™ 

mined for values of x within the tixcal intervals, tlu^. ^Stokian 
theorem is at once applicable. If the expansion, say, of {j\ <l>j(*r)) 
is • • • inul if we may at onees find a 

constant c such that 

and if the same is true of tlui three, otlua* limits the Se.luHdlVrian 
theorem is at once applicable. 

41. Exceptional cases. If the hinciUm (J{,i\ //) conlainH faetors, 

say x±y, then identically vanishes. More gcauunlly 

hf'' 

the equations G(x,y) = 0 and — 0 may be HatiHliod liv tin- 

3y 

same series y = P{,ii). In this caai^, conHidcrwI an an integral func¬ 
tion in y and with arbitrary .r,’the fnne.tion y) |»uh a repeateil 
factor, say Q{x,y), which vanishcK for //--/'{.'■). Next Huppo.se 
th.&tG{x,y) is decomposed into its irreducible factors y), 

y)> ■ ■ ■> and give to x such a value, uq that each of these 
functions is also irreducible when considered us a function of y. 
Furthermore, since by liypothesis b'prj, v/) = 0 e.ontains a repeated 
root y = F{x{), it is seen that two of llu> functions y). 

y)> ■ ■ ■> ®ay //j and J/,^, vanish lor //“/'(./■[). And siiiei’ 
hypothesis these functions are botli irreducible witli r<*garil 
to y, they are identitial except as to a multiplicative factor whieli 
is independent of y. But as //,(..■, y) and //,(x,y) are ide,nti<-al 
in y for an indefinitely large number of values such ns ./■ .r,, it 

follows that the coefficients of like powers of y in tlmse two 
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functions are identical, so that G {x, y) is divisible at least by the 
s([iiare of an integral function II{x, y). 

If at least one of the four functions, say G(x, (£«)), vanishes 
tor values of . 1 ; other than = 0 within the fixed intervals, while 
for all other values this function retains the same sign, and if the 
other three finuHons are invariably of this same sign, then(T(0, 0) 
is an mhpro'per extreme^ of G(x,y), It follows that as a necessary 
(U)ndition for^'(aj, y) to have an inii)roper extreme on the position 
,i: = 0, ;// = 0, (i{x, y) must contain as factor the even power of 
an integral function Il{x,y) which not only vanishes for aj = 0, 
y — 0 but also for values .r, // whose absolule values are arbitrarily 
small For if, in a(‘.(H)rdanc*e with the above remarks, = 
whert‘. y) (‘ontains nt) root ?/= P{x) which is also contained 
in 11 (x, y), and if k is odd, then as y passes through the value 
y=z/^(.r) llu^ function I/^ changes sign and therefore has values 
with opposite sign. 


Example 1, Lt‘t y'(A !/) ~ //)? where a> 0 and 

//) d(*noi<‘H any b(‘giniiing with terms of the fifth order in x 

and //. 

Writing (/{x, //) * ^ 1 //*^+ 2 4- ex**, it in seem that for x constant and 




and 


da 

^1/ 


‘ «(c// + is y,<‘ro only for y • 
ac‘ - li^ 


xK We thus have 






« 


{Xf i. x) — ax'^ ri 2 4- 


Thc^ first (‘xprc'H.nion olTt‘rM tln^ low(*r limit, while either fr (ar, 4-<>r 
(t(x^ *!•) offern the uppen* limit. 

W«^ have three caseK Ui eouHitler: 

fff — //i< 0 , Then of tin* two limits one is positive and the other 
ru'gative. It follows that (* {iK 0) i« not ati extreme of 6'( 4 :, x)^ and as both 
limits begin with powers of x m4 t^xceeding the fourth, the Schaeffer 
theorem l« iipplleiibh% which «lu*w« that/(O, 0) is not an extreme of/(x, y). 

(j8) m* “ > 0. It billows sinee « X) that c must also be positive. The 

two limits just derived arc Imth ptwitiva (Continuing we must next deter¬ 
mine tlic other iwi) limltH. When // is constant and we have by 

solving the equation 

0 = 4 x(hif 4" cr*) 

dx ^ ‘ I— 

X 0 and .r =s ± 


the two valtics 
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If 9 *i: 0 the latter value may be neglected (§ 38), since th(‘ (‘xponcnit of y 
lies between 0 and 1. If h = 0 this value coiueidt's wit h th(‘ tirst. 

We observe that each of the functions 

G(0, ?/) = af and G(± ?/, ?/) ” + 2 f c//’‘ 

is positive. It follows from Stol/’s ilH‘,orcm that, ((K <>) is a proper mini¬ 
mum of G(x, y); and sinta^, the, powi'r of .r or // on tJie righfdjund sid<‘ of 
any of the four limits is not gnmb'r than -1, tin* StdieefTer tlu'onmi sliows 
that /((), 0) is a proper minimum of ./'(>, //). 

(y) ac —1/^=0. From abov(‘. ^ (), while the otlun* thre(‘ 

limits are all positive. In this cas(' (0, 0) is an impntpu' iniiiimum and 
the Scheeffer theore,m is 7/e/applicahh*, so long as we regard (.r, //) as an 
arbitrary power series with initial term (»f the fifth or higher clinumHion. 
(Stolz, p. 235.) 

Example 2. /(j:, y) = y/^+ (ax-+ 2 key + <\/f) y + h\(j\ //), {a / (I). 

We have here y) ~ y/**’ + + 2 hxy -I iyr)y. 

Taking x constant and |y/| we, fmd as a solution of 

=: 0 = 2 y + ax^ + 2 hxy + ry/'-* -f 2 y {hx -!■ vy) 
y = - + . . . rr, ^ (r), say. 

Forming the functions 
(i^ 

** • ami, fi’(r, I x) | (u f c)j.r« 

it is seen that the first furnishc'H the lower limit, while one of the last 
functions offers th(^ upper limit. It is <*vident that with x taktm sutfieiently 
smallthe.se two limits have contrary rngns, ho ihatrr((h{)) i» utif an extreme 
of (r{x, y). Furthermore^ the lowi^r limit la^giiw with a pr»\ver of .r 
greater than 8, tin*, addial theonun of § 81 is nut applicable. 

Proceeding further and taking y constant and |.r|:^.jy/ , we have m a 
solution of 

d(f 

■™ 0 = + iiy) (sinci^ y is taken (’iuwtaiit) 

X = »» ~yy, whicli eannoi Im conKidertHl (| 8H) 
unless |5|<|a|. Forming the functions 

^ yo) = 2/“ + • • ■; !'/(:j ?/, .V) ” + (« i 1* /-hr) ,I\ 

it is seen that both the upper and lower limits arc |K>Nitivf. It foll.-ws that 
the added theorem is not applicable. We cannot, therefor.*, make a uegativt. 
assertion regarding the extremes of f(x, //). (Stolr,.) 
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Example 3. f(x, x^y + + R^{x, y). 

In this example we have G (x, y) — y^ + x^y + x^. 

With X constant and |^|^|a;|, we have as the solution of 

f. = 0=2y + A y = -^. 

by 2 

We thus have the functions 

= and G(x, ±x) = i?-^ .... 
With y constant and |a;|^|y|j we have from 

— = 2 a;?/ + 4 = Oj a;^ = — ^. 

dx ^2 


It follows at once that 

y) = |y^ and G{±y,y) = f.\..... 

The value (7(0, 0) is consequently a proper minimum of G{x, y), and as 
none of the above series has an initial term with exponent greater than 4, it 
follows from Scheeffer’s theorem that/(0,0) is a proper minimum oif(x, y). 
Although there is a proper minimum for f(x, y) = ^ ^ ^4 ]^q 

shown that G (x, y) = y^ + ^^y has neither a maximum nor a minimum. 
(Scheeffer, loc. cit., p. 573.) » 

Example 4. Peano's classic example: 

/(x, y) = G(x, y) + R^Cx, y), 
where (7 = y^ — (p2 + ^2) a; 2 y + pYx*. 

With X constant and |y|s|a;|, we have 

— = 2 y— + ^^)x^ = 0, 

dy 

... o 

so that y = -—2^^ * 

Forming the functions 

= 0(x, ±x) = a^± 

it is seen that the upper limit is positive, while the lower limit is negative. 
It follows that G(0, 0) is not an extreme of G(x, y); and as the initial terms 
on the right have exponents that are not greater than 4, it follows from 
the ScheefEer theorem that /(O, 0) is not an extreme oif(x, y). 
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Example 5. f{x, y) -G{x, ij) + Rx^{x, //), 
where G(x, y) = x^y^ — f‘I ;rh/^ + ”” *^7/^ + //^) h 

With X constant and |//|^|a:|, we hav(^ from 

— = 4 xh/ — 1) x^y^ H- (2 x^y — 21a;,/ + H if — KKr^^') . 0, 

as a solution (see § 145), 

// = 2a;^+ ?.r^+ • • • = <^(a*), say. 

Forming- the functions 

f/(a:, <jf>(a;)) = — 4 ' and ^/(.r, i .r) ./*’ : ..., 

which (see again § 145) (dlVr the uj)j)(‘r aiui lower limits of G{j\ ti)^ It. fal¬ 
lows from Stolz's theorem and tin; Seheidler tht'orem tliat neithtu* (i{j\ if) 
\\oxf(x, y) has an extreme t)ii the ]K)sition x (), y o. (StdieelhT, 1 ck‘. <dt 
p. 575.) 

PROBLEMS 


1. Show that/(0, 0) is a luiiiimiim of 

/(.r, //) = ;/ + a-« - lOH X'// x^ -f {.r. y), (Stolz.) 

2. Writing r;(a;, y) = / 2 

J'(x, y) = //2 ~ 2 a:^// + a-‘ + //‘ ./ 

show that f;((), 0) is a miniTuum for the first funetion hut timt /‘(O, ti) 
is not a minimum for the second funetion. Write in the latter exiu-eHHhm 
y == x^. (Schaeffer.) 


IV. THE METHOD OF VK’TOIl VOX DAXI'SCIIHR 

42. Instead of considering the (‘xlrcincs upon the stniight linos 
through the point y^) we iimy derive the criteriii h.r innxinm 
and minima in the neighhorhood of the, [lointH on these lines on Itoth 
sides of the point e;„, yj,) in the M/-plnn(‘. Witli V'mi I )iinfseller* 
let the straight lines through (./•„, y/„) he dcmoled hy 

(1) » = + \p, y . (/,, -p 

where X and p. are real variables such that 1 nnd where p 

is a real variable which may have both positive and negative values. 

*aee Math. Aun., Vol. Xl.II, j,. ssi. 
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For extremes of f{x, y) at the point we must have 


/K+ V. yo+w) -/('^o- Vo) = 0 


/(xo-f Xp, y„+ yp)-f{-h> Vo) = 0 


'in case of a maximum 
\pToper or improjper, 
m case of a minimurnX 
^proper or improper) 


for all values of p of a certain interval 


-p<p<q, 

while for values p p or p = (q the. (clove difference not only vanishes 
hat chamjes siyn. 


The thoRi.s of Von Dantscher may be stated as follows: "If the 
lower limit, r say, of p in the region is different from 

zero, then y^) is a inaximuin or ininimum for the surface- 

neighborhood of the point 2 / 0 ) 5 lower limit of p is 

zero, then on the i)osition there is neither a maximum nor 

a minimum of the function/(.r, y)” 

The cUuusiou as to whether a maximum or minimum exists for 
a giv(m function f{x, y) on a ]H)int x^, y^ in whose neighborhood 
/(.r, y) (‘an bo developed in integral positive powers of x — x^-=h, 
'y-~~ip^=zl\ and on whicdi point the first partial derivatives with 
reaped to x and y both vanish, is consequently reduced to the 
investigation as to whether the quantity p is different from zero 
or not. 

If in tlie supposed development the '/dh dimension is the first 
whose terms do not all vanish, we write 


( 2 ) /( a * o + //, ?/()+ I')Jyo) 

= //(A, /;) = (//., /.’),, + * * u (^ = 2) 

where {h, k\, denotes the sum of the terms of the nth dimension 
in h and 1% et(i. 

If we write in this expression 

( 3 ) h^\p, k — fip, 

we have 

(4) g{h, k) = p«[(\, H.)„ + p(X, p)„ + 1 + • • -1 = P^<t>(p ; X, P). 
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The factor p” may be omitted, since to the value p = 0 there 
corresponds the position h = 0, h = 0 itself. The (luuntity r is 
accordingly nothing other than the lower limit of the absolute 
values of the real roots of the ec|uation 

(5) = + nP + * • * 

From this the following is at onco evi(l(‘.nt: 

Case L If {h is a defmite ftmn (§ M), that is, one which 
takes the value isero for the one and only pair ol valui‘s h 0, 
^=0, which case can only enter when n is even, tluni (X, /x),, 
is different from zero for all values X, whicdi art^ diOV.rcmt 
from zero, and consequently |(X, has a h»wt‘r limit / 

which is different from zero. We may, eonsi‘.(|utmtly, for tlu^ 
region + — determine a positive (piantity r such that 

for \p\<'r we have 

(X, ^ Z > |(X, iP + (X, /i),, ( ,^p^ 

The equation (5) has therefore no root p whose ahaolutt' valuta is 
not greater than r; the quantity r is therefore (liiftu'ent from zt‘.ro, 
and there is consequently a maimwmn or fndnwmm (tvmniimj as 
(A, h)^ is a negative or positive form. 

Case II. If (X, is an indffmite form (§ 13), that is, one 
which for real pairs of values (A, /•) takes both positive, and m^ga- 
tive values, then also (X, p),,^ is such a fcaan. It is then easy to 
show that in this case the ecpiation 

0 = (X, p),t + (X, ^ jP 4- • • s 

in any interval as small as we please --€<p<€, htw roots tlmt 
are different from zero, and consequently r ^ - 0 and 
is neither a maximum nor a minimum, 

43 . Case III. We come finally to the smni-dtftnite ease 
(§ 13); that is', one where (X, k)^ vanishes for pairs of vahu»H 
X, h which are different from zero, but does mi c*hango sign. 
It contains necessarily real linear factors, and, in facit, t^iich 
one to even power. The number % is conacMpiently even, 
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and it follows that {X, is necessarily also a semi-definite 
form, whose factors are, say, 


( 6 ) h-Ji — h-jh, k^h — h^k, • • •, k^h — h^k, 

80 that {h, ia of the form 


(A,A 


■ h^k)‘^’> {kjt, - 


2 (^1+ + ■ ■ • + lm)> 


wlioiH^ /i, arc positive iutegera and (A, + 

i,s a (latinilo roriii or a coiistaiit. 

To each Buc.h linear fa(‘Xor kji — hjc{cr=:l, 2,. . m) of {h, k)^ 
there correBpondn a linear factor — \fjb of (X, /x),„ where 


- . ^''1 ) 
'Jh'^+k'^ 




K , 


X^4- /aj 


with arbitrary sign of '/k'^+k‘^, since this constant enters only 
to H([narc(l Un-ms in (A, k)„. If X, /x approach a pair of values 
X„, n„ for whi<‘h (X, /a)„ vanisluis, tlicn of tlm roots of the equation 

k) ■" (^< P')h.+ (X, k)u\\P ''' — 
one or Hcv(n-al licc.omc indefinitely small. 

Of course we may exclude the case where all the quantities 
(X, /*)„,„(!'Si) simultaneously vanish; for then 4>ip', \ k) — ^ 
for cvi>ry arhitrary small value of p, and consequently /(x^, 
is neither a maximum nor a minimum. 

We have next to see whether amon|f the roots of 0(p; X, p)— 0, 
whic.I) hec-ome imteiinitely small when (X, p),, becomes indefinitely 
small, t.Iu‘r(4 are mtl r<»ots or not. If no real roots ap;pear, then 
r :* 0 imd /(./■„, y„) is a viaximum if the semirdefinite form (A, A)„, 
when, it does not vanish, is neyattve, while it is a minimum if (A, A),^ 
is ‘positive. 

Wlmn there appear real roots the investigation may be carried 
out as follows: In order to consider the function ^(p; X, p) in the 
nevjhhorhood of the point X,, p,^, wo write 

(7) X = X,-f- u, p = V, 

where u and r are variable ([uantities. 
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Since \2+ 1 and = 1, we must have 

^ 2 _|_ 2 \^Vj “ 1 “ 2 “ 0 , 

where it is certain that one of the quantities or ^J,„ is different 
from zero. 

If 0 we have at once from the e(iuation just writUui 
■y = — /i<r+ Vyaff — + "“)■ 


where the positive sign is taken with the root, since from (/) u and 
V vanish simultaneously. Further, noting the devtdupimmt 


V - (2 \n + '«.=<) = (- 1 )•'(J) 

f - 0 

it is seen that 

(8) V = - - U - 11^- Vf" 

and if X, =?*= 0, 

(9) 


.n(2X,M + «-)- 


r^tr 


''^6= — — t;— ..' 

>-,r 2 Xi? 


Writing these values in 4>(P', \ M). w«i have 

4><t (w. p) = (X,+m, ^ -) 

+(x,,4-«, Pa-- " “ • • •) p + ■ • •; 

\ Pa > nn 

and ^„{v,p) = (\^-^v -, 

•f* f p — • * », /ijy -j- jij I p ^ ^ 

which for sufficiently small values of |t/.| ami jpj or of |r| nml jpj 
are certainly convergent and may be arranged in }MiwerH of a 
and p or of v and p. 

Since (X^, 0, it is seen that ^^(0, ())= 0; thi» came that 

^<r(0» p) vanishes identically may }m axcduded, m him already 

been remarked. 

If pP is the lowest power olp in ^^(0, p), tlm equation ^^(0, p) ^ 0 
has exactly p roots /), which become indefinitely amall with u or r. 
We must next see whether there are rc*al roots among p roots. 
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If the equation p)=0 has no real root p which becomes 
indefinitely small with u or v, then for any arbitrarily small posi¬ 
tive quantity € a positive quantity S cannot be found so small 
that in the interval — e<p<e there is situated a root p of 
/3)= 0 or of p) which is different from zero and which 
belongs to a valueor-y in the interval “-S<^^<Sor —S<v<S, 
Hence there exist positive quantities S and e so small that the 
function which vanishes simultaneously with u and p or with 
V and p in the region 

— S<,u<. B or — B <.v<iS, —€<p<e 

takes values that are different from zero on every position u, p 
or Vj p which is different from 0, 0, and these values have neces¬ 
sarily the same sign. For if p')>^ and p")^ 0, 

then with a continuous passage from the" position p' to 
the position to'', p", which both lie within the interior of the 
realm in question and which passage does not pass through the 
position 0, 0, there must be a position Uq, p^ at which p) 

vanishes; but there are no such positions. It follows that 
<f>^{0, 0) is itself a maximum or minimum provided the equa¬ 
tion p)= 0 has no real root which becomes simultaneously 
indefinitely small with u or v. Inversely, it is also true that if 
(l>a{0, 0) is a maximum or minimum of p), the equation 

/o)=0 has no real root which becomes indefinitely small 
with u or V. 

If, on the other hand, the equation <i>^{u, p)= 0 has real roots 
which become indefinitely small with n or v, then <^<^(0, 0) is 
neither a maximum nor a minimum; and vice versa, if <^,(0, 0) 

not maximum or minimum, then in every region as small 
as we wish or —B<v<S, —e<p<€ there are posi¬ 

tions u, p or V, p which are different from zero and for which 
(f>^{u, p) or p) are zero. 

Through the above consideration the criterion whether the 
equation <f>a= ^ has or has not real roots which become indefi¬ 
nitely small with w or -y is reduced to the investigation whether 
0^(0, 0) is a maximum or minimum of <t>a-('^, p) or P) or not. 
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We have, therefore, to apply the criteria, ot Oasivs I and II of 
§ 42; that is, to arrange <jf)^ in diincnsions of u and p or of and 
p and to see whether the terms of lowest dimension iovm a, dcfiniU^. 
or indefinite form. 

This same process must bo applied to of tlu‘ /// n‘al liiu‘ar 
factors = 2, • • •, m) that nro dimavnt from om* 

another (p. 65), it being evidently suilie.ient, simv. ?/■ and r be(*onu‘ 
simultaneously indefinitely small, for those lim‘ar fae.tons in which 

and are both different from y.ovo to (‘onsidtu- only one t)f 
the functions p) P)‘ 

44. We have, then, the following rule for (’asi* III : 

If the develo 2 )mentii of the /H.nctwns (a, p), (a, p), - . 

^m {^3 p) legm with (kfiiiUe forms, then fk\^, //j,) is a nutx-^ 
imuoi when the semi-dejmite foroh (A, A),, * (I, while it is o oriiw 
imwm if (A, ^ O! 

If only om) of the fnnc.tions p) hrgins with on indefinite 

fonn^ theriff^, y^) is neither (t inowinmnn> nor a minim am. 

The case reniiiins undctcrmimd if among all the fnnetions 
<Pg.(Uj p) none of them, Imjins with an indefinite form, white one or 
several of them legin with a semhdefnite form. 

In this case, for evtuy such function tlu*. aljovt* proc(»HH must 
be again applied. We do not allirm that by using this method 
a determination may among all (‘onditicaw \\o made; Imt Von 
Dantscher says '‘if the method, whi(‘h lum beam dt^vcluptnl to nee 
whether a series //(A,/r) which begins with ii wuni-definitt^ form 
has or has not on the position h ; 0, h (I a maximum (m mitii- 
mum, fails, the function //(//, A) contains an evtm powt*r of a 
series P{hfc) which vanishes for real pairs of viiIuch h, k in iwery 
region arbitrarily small ()< |A | < g, 0 < | A| <: B ” {hch» § 4 I). 

Example 1. Peano's claHsic cxaiaplt*: 

g(h, k) = F(;P + f)/pp + yYk\ 

We have here 

<^> (p; X, /x) = p ®(fP + XVp + 

The semi-definite form p.® has tlu^ lintiar fimtor p that cither 
Xi = 1, = 0, or Xj »-1, /xj U. 
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The corresponding values of k and ^ are (see [ 7 ] and [ 9 ]) 

X = l— ^1)2-, fi = V, 

so that <t>^ (v, p) = _ (^2 + ^ 4 . ^ _ 

The terms of the second dimension in v and p form an indefinite quad¬ 
ratic form, so that jr( 0 , 0 ) is neither a maximum nor a minimum. 

Example 2 . Let y(h,k-)=- r-k ^(/, - kf + 2he - 5 + % }fik^ 

■f - 7 *5^-2 - 1 - 6 li^k -10 AS + 

We then have ^ - 4 A-s + • • •. 

X,/<.) = - XV(A.-/<.)s + (2Xp,“-5XV+3XSp^ + XV®-7XV+ 6XV)P 
-t-(- 10 XS + XV«-t-3XV-4/)pS-(- .... 

We have here to consider the three linear factors 

M 2 ^ — /*) Psk — Xg/a = X — p. 

It follows that 

= 0, = 1; X2 = —1, X8=-^, = 

V2 v2 

To these values correspond the expressions: 

X = w, /X = 1 — ^ 

= V, X = — 

A = — + w, fl = — —u -. 

We thus have 

<#>i (w, p) = — + 2 wp — 4 4 , .. 

p) = - + 6 tjp — 10 p 2 + * *., 

<^ 8 (w, p) = - ^ 2 + |wp- 1 ^ 24 , .... 

It is seen that all three of the functions <j> begin with definite quad¬ 
ratic forms. The semi-definite initial form is negative when it is not 
zero; and accordingly p (0, 0 ) is a maximum. (Von Dantscher, Math, Ann., 
VoL XLTT, p. 100.) 

PROBLEMS 


1 . Show that ff (0,0) is neither a maximum nor a minimum of the function 

g (A, k) = - 3 h^k^ + h^k^ - 3 AF + -10 A^^A + 5 A^^. 

(See Ex. 6, p. 62.) 

2. Apply this method to Ex. 3, p. 61, 

3. If — ?/2 4 . cos u + y sin ay, find maximum and mini¬ 

mum values of z and give the geometric interpretation. 

4. If = 2 a Va?+ ^ 4. maximum and minimum values of z; 

show that there are improper extremes and give geometric signification. 

6 . Find minimum value of u, where w = -f y^)^. 
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V. FUNCTIONS OF THREE VARIABLKS 
Treatment in Particular ok the Hhmi-definitk Cake 

45. The theorems and proofs given by Stolz and SchoenV.r for 
functions of two variables may be extended at oue.i‘ to functions 
of three or more variables. For exampk', y,,, 2 ,,) is a proiKU' 
maximum of /(;£, y, z) if a positive ([uantity S can Ik; so deter¬ 
mined that for all systems of values y, whos(< absolute^ vuhuis 
are smaller than 8 (excepting f — 0 ^ ■ y ?), we luuai 

/K+ %+V, S|, + 0 -/{■>'», //», ~u) ■ ' <*• 

If the partial derivatives of /(./*, y, z) have didiuite vahu*s at 
every'position of a fixed realm h\ tht‘. ooiirdiniUvs of 

those positions (if any) in E whicdi oder e.xtrernoH (d* tlu* fuiudion 
f{x, y, 2 !) must satisfy the (Hiuations 




■?/ 


0 , 


¥ 


0 . 


To apply the Stolzian theorem we observe, if we limit ourselves 
to a position x^= Q = y^^ = Zf|, that the eolleetivity of positions 
X, y, z for which |a;|, \y\, |3| are less than S are distributed into 
three kinds of realms: * 

(1) always with |a!|<8, a; constant, and 

\y\S\x\, lz|s.|.c|; 

(2) with y constant and |?/|<S, where also 

(3) with z constant and |2 j|< 3 and 

|y|s|*|. 

To apply the Scheefier theorem we must e-onsider tlm diflerence 
/(^. y, *) —/(O, 0, 0) = 0^ (.c, y, z) + Aj,, j (X. y, z), 
as in § 30. 

The case where G,,{x, y, z) is a definite or indefinite form is 
treated fully in Chapter V. 

* Stolz, lew. <!tt., p. aiff. 
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46. The case where Gn{x, y, z) is a nonhomogeneous function 
in which the terms of the lowest dimension constitute a semi- 
definite form may be treated in a manner analogous to that 
given in §§ 37-41, as follows: 

We first determine the upper and lower limits of G{x, y, z) 
with constant x and Geometrically interpreted, 

this realm constitutes a square whose center is the origin and 
wliose sides are parallel to the ^-axis and the ; 2 :-axis, the length 
being 2|.'r|. 

The ])()sitic)ns at which G{x, y, z) reaches one of its limits may 
lie (1) on tlic vertices, or (2) on the sides, or (3) within the 
interior of the square. 

We hav(*., consequently, to form the expressions corresponding 
to the four vertices 


G{x, ;r, x), (r{Xj X, — x), G{x, — x, x), G{x, — x, — x). 

For points on the sides we have to solve for y the equations 


: 0 and 


(a\ ^') 

and for the equations 

= 0 and 


(/ 9 ) 


Zz 


dG{x, y, -x) 
dy 

dG {x, — X, z) 
Zz 


^0, 


: 0 . 


I^et the HolutiouH of Ihe C(iuatious (a) be 

y — A. ('®)’ y—A (*)> ■ ■ ■ 

and lot tho Holutious of (/9) be 

^ — « = <32(®)> •••■ 

'I’hoHO fuuotioiiH l‘{x) and Q(x) which cause y and 2 to fall without 
the given Hciuuro are to bo neglected (cf. § 38). 

With tho rtiiuaining functions we form the expressions 

a{X, A(x),x),----, G {X, X, 01 (x)). iii) 

For the i»oints ■within the square we have to determine y and z 
in terms of x from the equations 

,„d = 

dy oz 


(7) 
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If we eliminate from these two equations, we may express y as 
power series in x without constant term, say y = // 

... (§ 29). To each such power series for y, say y = <t>{x)^ there 
corresponds one for 2 : in terms of say whitdi two series 

written in the two equations ( 7 ) cause tluuu to vanish identically. 
With these values of y anti we form tlu‘. (‘expressions 

G{x, cl>^{x), X,(.r)). (///) 

Among all the funtjtions that aiu found in (/), (//), and {Hi) we 
are now able to determine those two whit'h oiler tlu^ ^ippor and 
lower limits of the function t/(.r, //, z) within tlu*. inttu’vul in 
question. These limits may be denoltHl by G{.t\ A.j(.r)) 

and G(Xj A^{x)). 

If, next, we take y constant and \x\ |v/j, |;:| ]y|, we may dmave 

in a similar manner the upper and lowt^r limits //, 

and y? Mi(y/)). Finally, with ^ constant and j.cj *, |:r|, 

|y|^| 2 ;|, we derive the upper and lowtu* limits 

tir(N 2 (^'), z) and lij(z), ,:). 

The StoMan and Scheefrerian theorems art^ at otuu* iipplicaiblc*. 
to these six functions in three variables, the method of procanhire 
being an evident generalization of theses theorems for the fumitions 
in two variables. 

PROBLEMS 

1. Make the exteiiBion and generalization of Von IhuilMcdierH iindJiod 
to the treatment of functions in thren* variahlt'H. 

2. In the lino of inttirHoeiion of two given planes find the ii«*ar('st point 
to the origin of ooCrdinatoB. 





CHAPTEE V 


MAXIMA AND MINIMA OF FUNCTIONS OF SEVERAL VARIABLES 
THAT ARE SUBJECTED TO NO SUBSIDIARY CONDITIONS 

I. ORDINARY EXTREMES 

47. It will be presupposed in the following discussion, unless 
it is expressly stated to the contrary, that not only the quantities 
that appear as arguments of the functions hut also the functions 
themselves are real, and that the functions, as soon as the vari¬ 
ables are limited to a definite continuous region, have within this 
region everywhere the character of one-valued regular functions. 
Regular functions are defined in the following manner: A func¬ 
tion f{x) is regular within certain fixed limits of x if the func¬ 
tion is defined for all values of x within these limits and if for 
every value a of x within these limits the development 

h 

f{a + h)=f{a) + Y\f{a) + ^/" («)+••• 

is possible ; the series must he convergent and must in reality (see 
§ 136), represent the values of the function within this neighborhood. 
In other words: A function f (x) is regular in the neighbor¬ 
hood of the position x== a if the function 'in this neighborhood 
has everywhere a definite value which changes in a continuous 
manner with x. (Cf. Weierstrass, Werhe, VoL II, p. 77.) 

A one-valued analytic function f (x^^ ^^ 2 ? * * *> 
ables behaves regularly on a definite position {x^ = a^ = a^,- • 
x^,,= a,^) if in the neighborhood of this position we may express 
the function through a series of the form 

«2)‘'= • • • (*»- 

where v^, v^, • are positive integers or ^ro, and where the 

coefficients A„^, ctre quantities that are independent of the 

variables. (Cf. Weierstrass, Werke, Vol. II, p- 154.) 

7 Z - 
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The discussion is thus limited to such functions as are analytic 
structures of the nature described more in detail in §§130, 131. 
Only for such functions can we derive general theorems, since 
for other functions even the rules of the difl’erential c-.alculus 
are not applicable; in other words w(i shall consider only the 
ordinary extremes. 

The problem of finding those values of tlie argumcuit of a 
function f{x) for which the function has a maximum or mini¬ 
mum value is not susceptible of a general sol\ition, for, besides 
the cases of the extraordinary extremes of §§ h 7, tluu‘t* tuv, func¬ 
tions which, in spite of the fat‘t that they may he didiiunl through 
a simple series or through other algebraic*, (‘xpressions and which 
vary in a continuous manner, have an infinite number c^f maxima 
and minima within an interval whit‘.h may bt* taken as small 
as we wish.^ Such functions do not e.ome xxndvv the present 
investigation. 

48. We say (see § 1) that a fauction /{.r) of onr rariahle han 
a proper maximum or a proper minimum at a dejinite poHifion 
a if the vahee of the function for .r a in renpectire!y greater 
or less than it is for all other ralues of ,e which are nitualed in 
a neighborhood |x —a|<8 as near as vr wish to ((, 

The analytical condition that f{x) shall havc^ for tlu^ position 
02 = a 

is expressed by/(,r)—/(fr)<() 1 ^ ^ I 

a proper minimum, is expressed by f{x) - f{n) > 0 f " ^ ' 

In the same way we say a function f{n\, xj of n 

variables has at a definite position = * * *» 

a proper maximum or a proper minimntn if the value of the 
function for is rcHpectwtdy greMter 

* A function may have in an interval an HruiiU tiH we wbii 

(1) an infinite nmnlier of dlficoutinuitieg, 

(2) an infinite number of maxima amt minima, 
and still be expressed througli a Fourier saricH. 

See, for example, H. Hankel, richer dx nrxHtUlvh ofV fwo/ZlIre/!#/#''« anti 
Functionen (fttbingon, 1870); Lipschite, Orelle, Vol. LXIII, p. P. Uu 
Reymond, Abh. der Bayex, Akad,, Vol. XII, p, B, and lUwi aiime vohimts Part 11, 
Math.-Phys, Ctasse (1876). 
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OT less than it is for all other systems of rallies situated in a 
neighborhood , , ^ 

(\ = 1, 2,...,^) 

as near as we wish to the first position ; and the analytical 
condition that the function f{x-^, x^, • ^ x^) shall have at the 

position a^, x^=z , x^ = a,^ 

a proper maximum, i^f{x^, x^)-~f{a^, a^) < 0, 

proper minimum, is f{x^, x,,)-f{a^, af) > 0, 

for (X = 1, 2, • . n), where the quantities are 

arbitrarily small. Improper extremes take the place of the 
proper extremes above when we allow the equality sign to 
appear with the inequality sign, as in § 1. 

49 . The problem which we have to consider in the theory 
of maxima and minima is, then, to find those positions at 
which a maximum or minimum really enters. 

We shall give a brief r6sum6 of this problem for functions 

of one variable and then make its generalization for functions 

of several variables. 

If are two values of x situated sufficiently near each 

other within a given region, then the difference of the corre¬ 
sponding values of the function is expressible in the form: 

= f +0{x^- cCi)), 

^2 — ,-Cj 

whoro 6 denotes a quantity situated between 0 and 1; or, if 
is written e(iual to x and x^=x + h, 

[1] f(x + h)-f{x) = hf'{x+dh). 

From this theorem may be derived Taylor’s theorem in the 
form,* 

[ 2 ] f{x + h) - fix) = hf'ix) + AV" + • • • 

4 . ^ - hn-lfin-l) /x) 4 . A. (x 4- dh). 

(n-1)! 


* Bee Jordan, Gours D'Analyse, Vol. I, §§ 249 250. 



76 


THEOEY OP' MAXIMA AND MINIMA 


In the two formula last written, instead of x + h write x 
and write a in the place of x] they then become 

[1“] f{^) - /(a) = (^ - «)/'(“ + ^ (» - «)) 

and 

[ 2 “] f{x) -f{a) = (a)+ f" («)+••■ 

{n — 1 ) 1 n i 

f{x) is a regular, and consequently continuous, funcXion, 
the same is true of all its derivatives. If /^(u) is diirtu’ent 
from zero, then with small values of A = — u tlie value of 

f{a-\‘; 6 h) is different from zero and has the same sign as f {a). 

According to the choice of A, which is arbitrary, tlu^ cliflV.r- 
ence f{x)—f(a) can he made to have one sign or the opposites 
sign, if f{a) is either a positive (luantity or a negative ciuantity. 
Hence the function f{x) can have neither a maximum nor a mini» 
mum value at the position x = a if /^(a) ^ (I 

We therefore have the theorem: Ejiremes of the fim€ti())h 
fix) can only enter for those mhm of x for whirh f^{x) 
vanishes (see § 2). 

It may happen that for the roots of tlie etpiation 
some of the following derivatives als(^ vanislu If the ath deriva¬ 
tive is the first one that does not vanish for the root x «= a, then 
from equation [2^] we have the formula 

/(a,)-/(a) = i*-r + 

n 1 

and with small values of h = x — tt, owing to the continuity of 
/(”>(£(:), the quantity/(")(«+0/(,) will likewise lat different from 
zero and will have the same sign as/<">(«). If, therefore, n is 
an odd integer, we may always bring it about, according as h is 
taken positive or negative, that the difference /(.••)-f {a) with 
every value of /<") (a) has either one sign or the opposite sign; 
consequently the function f{x) will have at the ix>aition a 
neither a maximum nor a minimum value. 
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If, however, n is an even integer, then is always positive, 
whatever the choice of h may have been; consequently the 
difference /(^)~”/(^) is positive or negative according as/(’^^(a) 
is positive or negative. 

In the first case the function /(^) has a minimum value at 
the position x = a] in the latter case, a maximum. 

Taking this into consideration we have the following theorem 
for functions of one variable (§ 3): 

Extremes of the function f{x) can only enter for the roots of 
the equation f {x) = 0. If a is a root of this equation, then at the 
position x~ a there is neither a maximum nor a minimum if the 
first of the derivatives that does not vanish for this value is of 
an odd degree; if, however, the degree is even, then the function 
has a maximum value for the position x = a if the derivative 
for x=^ a is negative, a minimum if it is positive. 


50, To derive the analog for functions of several variables, we 
start again with the Taylor-Lagrange theorem^ for such functions. 
This theorem may be derived by first writing in f(x^, x^,---, xf) 


“ ^a). (X = 1 , 2, . . n), 

where u is a quantity that varies between 0 and 1; we then apply 
to the function 

(j> (uij = f + U (^X-^ ^2 (^2 ^ 2 )^ * * * ^ (^n 

Maclaurin’s theorem for functions of one variable, viz.; 


[3] 


^(u)=cl.(0) + ^ cf>'(0) + ^y'(0)-h . .. 


+ 


u 


,m-l 




(m —1)1 ' ' ' ml 

and, finally, in this expression write w = 1, as follows: 

For brevity denote by f/c(^i} ^n) derivative of 

f{Xp x^,---, xf) with respect to Xj^ and by fh^^h^{Xi, x^) 

the derivative of f(xi, x^, • • •, xf) with respect to Xj^,^ and Xj^, 


that is. 




d^f{Xy X(^, • * *, xfj 


dxj^dxj^ 

* See Lagrange, TMorie des Functions, p. 152. 


etc. 
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It follows, then, that 

Ic^n 

1^1 

4>”{^)=^{fk,,ic,{a'i + u{oc^- fti), • • •, 

a^+u{Xn- «„))(«*,- «*,) - «fc,)}, 


1 ) ( t ;,) = 2 ^ {/ fc „ K ,..., i -„ -1 («1 + “ (*1 ~ • • • > 

*1,*,, ,*». 1 a^-\-u{Xn— a,^)'^{X].—(iic) • • • (%,„-i~®*«_i)}> 

<f>(’^){du)= 2) i/i-i,*..iv(®i+ “i)> • • •> 

” ’’ ’ ” <*»+ 6u{x^~ «„))(**,— «*;,) • • • <**»,)}• 

Hence, from [3] we have 

4>{^) -/(«i. «2> ••'.««) = Y ^{A(«i> “2> • • •> “•»)**)} 

+ oT 2^ {/*!. *..(®i> • • •> ®«) K- «ife.) 


/fc,, /c, 




4- 


/77l—1 


/ 1 V I 2 {yi?!, Ala, •••, A:m-i(^l^ ^2? * * *7 

/^77l , . 

^ 5) {Ai,a:2 , Quix^— 

■*""=’ • • • {x,^-a^)) 

From this it follows, if we write u — 1, that 

• • •? y(^l> ^2^ * * *j ~]^{yfc(^l> ^2^ * * ^Jfc)} 

k 

1 ^ 

^ 2 {/*!,*= K> '*2> • • •> ««)(%,- «fc)} 


+ 


■I" / •i-.i S {/fci,*.. •••1 *m-i(®l> ®2> ■ ' ■> ®n) (^fc, **,)■•■ 

+ <*2 + ^(* 2 "'® 2 )> • ' •) 


X 


h 
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51 . We are not accustomed to Taylor’s theorem^ in the form 
just given; to derive this theorem as it is usually given, observe 
that upon performing the indicated summations each of the in¬ 
dices • • -j independently the one from the other, takes all 

values from 1 to n, so that the Xth term in the development is 
a homogeneous function of the Xth degree ia a^y x^ — a^, 
• • -yX^ — a^. The general term of this homogeneous function may 
be written in the form 


^ ^ Z) • (ajg • * * (^?i 

where -f X 2 4- • • • -f = X, 

D is the definite differential quotient 

/(S - ’ - g? . ’ 5«) \ • • • + (a <* 2 ,..., a„), 

\ /a„a„...,a. 

and N is the number of permutations of X elements of which Xj, 
Xj, • • •, X„ respectively are alike; that is, 

N— -- 

Xj ! X 2 ! • • • X„ ! 

Furthermore, writing x-^— ay.— hy, we have, finally, 

, [4:] fiX\l *2' ■ ■ ®2j ■ ■ ■> 

A, } 

OXjg /ai, ’ y On-' 

• • •’ ^2i)) hji I 
dxydx, 


+ ; 

^ x,iu, 

4” 


Xi+Aa+ . .• + Xn*w 


X, + Xg +• • • • + An “ w — 1 ^ 4 

j Xgj•••j An 

.... + X„-m /- 1 

+± ,..: xjj- 

•Stolz (OrundzUge der Differential und Integradrechnung, P- 
vnAdA nf expression to A. Mayer (see paper by him in the Levpz. Ber. (1889), P-128). 

years before the Mayer paper. 
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This is the usual form of Taylor’s theorem for fuuctious of several 
variables. In particulp, when m = l the above developiueut is 

[5] /(ajj, x^, • • •, -/(«!, «2, • • •, 

k7.l 

The function fix^, ■ ■ ■, x„) is resukr and cont.imiou.s, a.s are 
consequently all its derivatives. If, thorefon^ tlu» lirst (it^riva- 
tives of f(x-^, * 2 , • • •, a!„) are all, or in part, I'O for 
Xn=a,,„ then they will also be different from zcn-o for .Cj r: 

• •., £c„=a„+d/i„, where the absolute valuo.s of A,, h.^, ■ ■ h„ lmv(‘ 
been taken sufficiently small; these derivaLive.s will also be of the 
same sign as they were for x^= ffj, ■ • •, .r„ -- u„. If, now, we 

choose aU the h'a zero with the exception of one, whi<'h may h(‘, 
taken either positive or negative, it is see.n that wheti the e.orr<!- 
sponding derivative has either sign, m\ may alway.s bring it about 
at pleasure that the difference 

*21 ■ ■ "j ^)t) ^*2' ■ ' '• 


is either a positive or a negative quantity, and eouHecivuintly at 
the position aj, a^, • • •, no extreme value t»f the func.tion is 
permissible. 

We therefore have the following tluionun: 

Extremes of the function f{Xi, x^, • • ■, .r„) run unly rnter for 
those systems of values of (x^ x,p • • •, x,^) tohirli at t/ir. same time 
satisfy the n equations (p. 17) 


[ 6 ] 


2/ = 0 , 

dx^ dx^ 


¥ 


It may happen that for the comincm rootH c»f tht» systinu of 
equations [6] still higher derivative's also vanish. In this oasa 
we can in general only say that if for a systBin of roots of tli« 
equations [6] all the derivatives of several <}f tlie next higlier 
orders vanish, and if the first derivative wliieli dca»« nc»t vanish 
for these values is of an odd order, tlie functitm, as may be 
shown by a method of reasoning similar to that a!K)ve, has 
certainly no maximum or minimum value. 
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52. If, however, this derivative is of an e^.ction m tb.e 

present state of the theory of forms of the %th order in several 
variables tlwre is no general criterion regarding the behavior of 
the function at the position in question. We therefore limit out- 
selves to the ease where the derivatives of the second order of tTve 
function f (iCj, • • •, do not all vanish for the system of Tecel 
roots a-y, a^, • • •, a^ of the equations [6]. 

In this case we have a criterion in the formula 


[7] f{Xy, X^, 


•> *») -/K> 

-) KK } 

by which we may determine whether f{Xy, x^ has an ex¬ 

treme value on the position a-y, a^, • • *, a„, since we may determine 
whether the integral homogeneous function of the second degree. 


• 2 > • • •. 

= - f * 2 > ' ■ ■) ^n) 

2 ft IV 


■V r py(«h> • • •, 
ft W Sxfx 


^n) 




hff^ 

^ cti + Bhi, • • •, an + 6hn-i 

in the n variables hy, h^, • ■ h^ ia for arbitrary values of thiose 
variables invariably positive or invariably negative. 

Denote this function by AfXy+ ehy,...,a„+ dhf). 

On account of their presupposed continuity the quantities 

and • • •. 

/a, + 9A,, • -•, a„ + 8A* V 


/Sf(Xy, X^, . . 

\ ^ocsdx,, 


and 


an.+ Qhn 


V 


1 ... 


with values of h^y • • •, taken suJBBciently small diifer from 
each other as little as we wish and are of the same sign; ^ hone© 
with small values of the the functions 


and 



have always the same sign, and we may therefore confine 
selves to the investigation of the latter function. 


our- 


-—becomes zero, we may replace 

it by • • •, a,i), which must of course be given the same sign as/A|x(ai4- , 

+ CA|u, denoting an infinitesimally small quantity. 
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ire’ll® usualforTPthrough a suitable choice of . 

the expression 

( (^1? ' * ‘> ^7i) ^ 

dxy^dx^ 




s{P 

A,/u 


I I 

Clj, ^2» * ’ * » 


can be made at pleasure either positive or negative, the same will 
be the case with the difference f(x-^, ^»n) —/(^i? * * *? 

and consequently/(a:j, • • •, x^ has on the position (a^, ag, - • 

no extreme value. 

We therefore have as a second condition for the existence of 
a maximum or a minimum of the function fix^, ^ 2 > * * '> 
the position <^ 2 , • • •, that in case the second derivatives 
of the function f(x^, x^ do not all vanish at this position, 

the homogeneous quadratic form 



^n) 

dx^dx^ 


KK } 

Ctn--' 


must be always negative or always positive for arbitrary values 
of Aj, Tit^, * * *} 


11. THEORY OF THE HOMOGENEOUS QUADRATIC FORMS 

53 , The three kinds of quadratic forms, viz., definite, semi- 
definite, and indefinite, were defined in § 13. 

As we have already indicated in § 13, it is seen that if the homo¬ 
geneous function is an indefinite form, the function f(x^, ^n) 

has neither a maximum nor a minimum upon the position {a^, a^, 
• • •, a^j,); for if the right-hand member of [7] is positive, say, for 
a definite system of values of the h’s, then in accordance with 
the definition of the indefinite quadratic forms we can find in 
the immediate neighborhood of the first system a second system 
of values of the A’s for which the right-hand side of the equa¬ 
tion [7] is negative; consequently, also, the difference 

/(^i, x^, • • *, x^) /{ccp co^, • . •, 

is negative, so that therefore no maximum or minimum is permis¬ 
sible for the position {a^, <Xg,. . 



m SUBSIDIARY CONDITIOIIS 


83 


If, then, the second deriyatives of the function /(^i, • • - j 

do not all vanish at the position (<x^, a^, it follows, besides 

the equations [6], as a further condition for the existence of an 
extreme of the function x^, • .that the terms of the 

second dimension in [4] must he a definite quadratic form, if we 
exclude what we have called the semi-definite case. 

The question next arises; Under what conditions is in general 
a homogeneous quadratic form 

[ 8 ] 252 . • • •. 

a definite quadratic form ? 

54. Before we endeavor to answer this question we must yet 
consider some known properties of the homogeneous functions of 
the second degree. 

Suppose that in the function x^, • • in the place of 

{x-^, iCg, • • *, x^)j homogeneous linear functions of these quantities 

[^] (^ = 1, 2, • • •, n) 

/x = l 

are substituted, which are subjected to the condition that 
inversely the x's may be linearly expressed in terms of the y’s, 
and consequently the determinant 



Hv ^12’ ‘ ’ 

Hn 

[10] 

^21? ^22^ 

Hn 


^n2? * * 

1 

The function (l>(x^j • • 


[11] 

(X^y X^, 

* * } 


= 2 :± 


^ 11^22 ’ * * ^n7i ^ 


Owing to this silbstitution ih may happen that y 2 > * * ^ Vn) 

does not contain one of the variables y, so that (l>{Xi, x^, • • •, x^) 
is expressible as a function of less than n variables. 




S 
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To find the condition for this write 




If i/r is independent of one of the y% say ?/,„ so that conse¬ 
quently ^ = 0, then from the n eciuations 

[131 

we may eliminate the n — l unknown ((miutities , 

gl 'V/i <^//a 

.. — I—. We thus have amonji; the. </)’s an equation of the form 

^yn-l 

[14] "i;Vv0,=o, 

fA 1 

where the A*’s are constants. 

Owing to equations [ 12 ] this means that tht», determinant of 
the given quadratic form vanislu^s, that is, 




4, -==0. 


We note here the following formulas: 



2/ * * 


[16] 

J A 

A, M 

•, J'.. ^ A » 

A, M 

and consequently 


[17] 

^ {^A (^'1 f ' * 

•, ^^^A *1 


There exists, further, the well-known Euler's tlieorein for homo¬ 
geneous functions: 

[18] X ■ • '> “*«)^'a. • • •. 

A 

It is also easy to show reciprocally that if, aa alwve, the equa¬ 
tion [16] is true, the function ^ consists of less than % variables. 
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For if we assume that equation [15], or, what amounts to the 
same thing, an identical relation of the form [14] exists, and if 
we substitute in x^, • • •, x^) the quantities X)^'^ in the 

place of = 2, • • •, n) and develop with respect to powers 

of C we then have 

= 4>{X-^, X2f * • *, X^) 4- 2 if 

+ ^2^ * * *j 


It follows, when we take into consideration the equations [14] 
and [1(S], since the equation [14] is true for every system of 
values (Xp that 

tJc ^,. . x,,,+ tk,,) ^4>{x ^,. . x^). 


Hence, if the equation [16] exists, or if the k's satisfy the equa- 
tion [14] for every system of values {x^j x^, • • *, then 
x^^) remains iiivariantive if x^-htk^ is written for 
where t is an arbitrary quantity. 

(Jonstuiuently, it being presupposed that if t is so 

deterniined that the argument x^, + tk^=0, we have 


[19] <P(x,,x 


2’ 


•, ■•«».) = J 


h 




0 , a:, 


h 


k 


v+r 


1 , 


Ki 

✓yi ___ fy* 


where (f> is expressed as a function of less than variables. 
We therefore have the theorem Z 

The. vaniskituj of the determinant'^±A-^.yA,^^----^nvr~i^ the 
riceeemri/ and rnffic/^ent condition that a homogeneous quadratic 
function ■ ■■, x„)=='^A^^x^x^ he expressible as a func¬ 
tion of n-~\ 'iMiiaUes. _ 

55. We return to the question proposed at the end of ^b3, 
and to have a definite case before us assume that the protfierCis: 
Determine the condition under which the function 
is invariable positive. The second case where • • •, xf) 

is to be invariably negative is had at once if —<^> is written in 
the place of </>. 
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We shall first show, following a method due to Weierstrasa,* 
that every homogeneous function of the second degree <f>{.r.^, 

.. Xn) may le expressed as an aggregate of squares of linear 
functions of the variables. 

56. In the proof of the above theormn it is ussuiuesl that 

• • •, x„) cannot be expressed a.s a I’mudioii of n .1 

variables; it follows, therefore, that the imsiuality 

[ 20 ] 

is true and that therefore it is not posnihlt^ to tlt*tenniiu‘ con- 

i It 

stants k, so that the equation 0 exists identii^allv. 

<1 

If, then, 2/ linear function of the .c’h havini^ tln‘ hn’in 

[21] y = Oia\ + V2+ . .. 4» 

and if g is a certain constant, then tlu‘. (expression — — 

say), after the theorem proved above, c‘an tu* (‘xpnnsst^d as u 
function of only variables if tlu^ (*onstauts A;, 

may be so determined that 

Ar 1 A I 

or 

[ 22 ] , 

A. 1 A I 

From the assumption made regarding [20 [ it follows, on tiu* 
one hand, that the inecpiality 

[ 23 ] ^ 

A 

must exist. This is the only restrmtion placed upon tint r\ On 
the other hand, in virtue of the n linear cm j nations 

[24] - (X-1, 2....,n) 

li 

* See also Lagrange, Mm, Taur,, Vol. I (1759), p. IS, anti Vn\. I, p. 5; 

(Jauss, Di^. Arithm,, p. 271 ; Tfimrla aomb, Obmmh, p. :u, et<*. 
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the quantities may be expressed as linear functions 

of ^ 2 ? * * •> i>ni and, consequently, by the substitution of these 
values of • • •, m [21] y takes the form 

where the are constants, which are composed of the constants 
and C;,. - . 

But from equation [22] it follows that 

y = - 

9 ^ 

Such a representation of the however, since we have to do 
with linear equations, can be effected only in one way. 


We therefore have 

i^ = l 


from which it follows that 

/x = u 


h (^ = 1.2 ,..., n). 

M = 1 

Through the substitution of these values in [22] it is seen that 

k=n \=n 

gy'2,e».Cx= ; 

A =1 A =1 

consequently, owing to the relation [25], we have 


[ 26 ] 


1 1 
-= 2 /«xC;^ or g 
9 A = 1 


k = n 

X=1 


This value of g may be expressed in a different form; for from 
[25] and [17] it follows that 

, v—n vssn 

[26^] y ^n) 

y=l v^l 


/ 
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Comparing this result with [21], we have 

[27] ^n) 
and consequently 

[28] 

or, from [18], g ■ 


1 

if = = 

Ar 1 


1 


Since the quantities • • *, perftuily arbitrary 

the one restriction expressed by the iiu‘((uality (2;i|, th(‘ ((u 
h>' •*’ a-re, in consequence of the e([uatioii piTj, eorr 
arbitrary with the one limitation resulting from [2H|, v 
function cannot vanish for the system oi valuta • 

otherwise g would become infinite. 

57. Reciprocally, if the (piantiiies rj, r„ are arli 

chosen, but with the restriction just mimtioiuHl, and ' 
determined through [28], it may be pnnaal that the t'X| 
<!>{= where y has the form [25], may be expre* 

a function of only 'a — 1 variabl(‘s. For, form tin* dmavul 
this expression with respect to tlu! difft'nuit variabli^.s, and ir 
each of the resulting ((uantities by tlu^ constants 
Adding these products and noting [21^] and [2H|, we hav- 

«2- • ’ •> '*«) y- 


The expression on the right-hand side is zcu’(» fnnn [2n|, 
n constants may be chosen in sudi a way that the sum 
products of these constants and tlie derivativt^H id tlu^ t*x| 
<t> — gy^ is identically ^ero, and also ^(fj,..; 0 (t^| 
58. Substitute for 2, n) in if 

the^se arguments is made tM|ual to zim>, we have, m in § i 


(j> (x-^, * * • j ^n) gy^ 

\ ^ 

or, if the new arguments are represented by 


> n " 
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Employing the same method of procedure with {x\, 
as was done with ^ 2 ^ • • •, we come finally to the func¬ 

tion of only one variable, which, being a homogeneous function of 
the second degree, is itself a square. Hence we have the given 
homogeneous function ^ 2 > * * ^n) expressed as the sum of 

squares of linear homogeneous fimctions of the variables. If the 
coefficients of cj> are real, as also the quantities e, the coefficients j 
are also real, and since the quantities e may with a single limi¬ 
tation be arbitrarily chosen, it follows that a transformation of 
such a kind that the result shall be a real one may be performed 
in an infinite number of ways.^ 

59 . If, now, the expression 

[29] • • •, ^n) = fflVl + g2y2 9ny% 

is to be invariably positive for real values of the variables and 
equal to zero only when the variables themselves all vanish, then 
all the qualities 92 >'' 9n iii^st be positive; for if this were 
not the case, but say, were negative, then, since the are, 
independently of one another, linear homogeneous functions of the 
o^'s, we could so choose the x's that all the y’s except y-^ would 
vanish, and consequently, contrary to our assumption, (^{x-^y x^, 

• • •, would be negative. Furthermore, none of the /s can vanish; 
for if say, were zero, we might so choose a system of values 
which at least not all the quantities x^y x^, * • 
were zero, that all the y'^ would vanish except y^ and consequently 
cf> could then be zero without the vanishing of all the variables 

Reciprocally, the condition of g^ g^y gn being aU positive is 
also sufficient for to be invariably positive for real values of' 
the variables, and for to be equal to zero only when aU the 
variables vanish. 

60 . In order to have, in as definite form as possible, the ex¬ 
pression of <;!> as a sum of squares, we shall give to the expression 
[26] for g still a third form. 

^See Bunjside and Panton, T%eory of Equations (1892), p. 430. In tliis connec¬ 
tion it is of in'ierest to note the Theorem of Inertia of Sylvester, Coll Math. Papers^ 
Vol. I, pp. 380, 611. See also Hermite, (Euvres, Vol. I, p. 429. 
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In connection with [12] it follows from [27] that 

= 1 , 2 , • • •»'^ 0 * 

Denote by A the determinant of these equations, which from [20] 
is not identically zero, that iwS, 

[30] d: 

We have as the solution of the preceding etiuation 


d/i 


(^= 1, 2, - - n). 


It follows from this in conneotion witli [2()| that 


[31] 


g=: 


A 



an expression in which the r’s are subjec.t only to the oiw cu)n- 
dition that 

is not identically zero. 

61 . It is shown next that we may Hi*.paratt» from 
•. *, the square of a single variables in sudi a way that tin* 
resulting fuiKition contains only n 1 varialdc^s. 

For example, in order that the (‘xprassion be expre-HHinl 

as a function of — \ variables, we may choose for g (lies value 
[31], after we have written in this expressiem 2, 

• • •, n. — 1), while to is given tht‘. valut* miUif, 

From this it is seen that 

A A 

DJ Ai’ 


V A 


^dA 




Am 


where A^ is the determinant of the (luadraiic fcjrm ‘ 

0). Of course this determinant must l>e different from zero. 



NO SUBSIDIAEY CONDITIONS 
Hence we may wrife 


91 


where 


"^1 




/Yi /y* ^ /y> 




^n-1 




We may then proceed with </> just as has been done with ^ by 
separating the square of etc. 

After the separation of [jl squares from the original function 
we notice that the determinant of the resulting function iu n — jji 
variables is the same as the determinant of the fimction which 
results from the original function (f> when we cause the [jl last 
variables in it to vanish. If this determinant is denoted by A^, 
we have the following expression for (/>: 


^ 2 > * * *> ^n) 

■^1 -^2 Ai-l 


62. If now is to be invariably positive and equal to zero only 
when all the variables vanish, the coefficients on the right-hand 
side of the above expression must all be greater than zero. We 
therefore have the theorem 

In order that the quadratic form 

A, IX 

he a definite form and remain invariably jpositive, it is necessary 
and suffijcient that the quantities A^, Ag, which are 

defined through the equation 91-11 > 

positive and different from zero. If, on the other hand, the quad-- 
ratic form is to remain invariably negative, then of the quantities 
Ai-v ^n -29 • * negative, and the following 

mus\ be alternately ^positive and negative (see Stolz, Wiener Bericht^ 
Vol.XVIII (1868), p. 1069). 
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III. APPLICATION OF THE THEORY OF QUADRATIC 
FORMS TO THE PROBLEM OF MAXIMA AND MINIMA 
STATED IN §§47-51 

63 . By establishing the criterion of the previous section the 
original investigation regarding the maxima and minima of the 
functionis finished. The result established in § 57 
may in accordance with the definitions given in § 52 be expresH(*d as 
follows: In order that an extreme of the funcMan f{d\, 
may in reality enter on the position (a^ • • •, n„) which in deter¬ 

mined through the equations [6], it is mifkient^ if the second 
derivatives of the function do not all vwnish at this position^ that 
the aggregate of the terms of the second degree of the equation [4] 
le a definite^ quadratic form; if^ however^ the fmn vafiishes for 
other values of the variables without changing sign {that is, is semi- 
definite), then a determination as to whether an extreme in reality 
exists is not effected in the manner indicated and requires further 
investigation, as is seen below. 

In virtue of the theorem stated in § 53, an exirtune will enter 
for a system of real values of the equation [(>] if the homogeneous 
function of the second degree 

that is, if 5){A. ^(*1. • • •. «n) 

A, (I 

is a definite quadratic form ; in other words (§ 62), iMre tmll he a. 
minimum on the position (a,, a,, • • •, %) ^ the quotients 


where • • • fn-n,n-n.>(‘>11 positiw, a maxi¬ 

mum if they are all negative. In both cases the quotients must be 
different from zero. 

p ^ FoncOmu, pp. 283, 286; sm also Caaohy, Vale, t.ifftr.. 
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This last condition is only another form of what was said 
above, viz., that must oiot he a semi-definite form. 

For if, say, 

then the summation being denoted by • • •, 

A, fx. 

this equation would directly imply the existence of a relation of 
the form 

9, 

where the are constants which do not all simultaneously vanish-. 
If, therefore, say, is different from zero, we may write 

1 v=n~l 

and with the help of this relation we have from the equation 

X=n k=n-l 

• - •, A^)= ^2? * * *> ^w)^A~ 2^ ^A^A 

A=1 A=1 

the following relation 

A=?i-i / k \ 

<^(^1, 7^2, • • *, k^)= 2) ^a(^15 ^2> * * 

Now in this expression the arbitrary quantities h may be so 
chosen that ^ 

K=yK (X.= ], 2,. • 

and consequently the function ^ 2 > * * *^ would vanish 

without all the A’s becoming simultaneously zero. This case we 
cannot treat in its generality. 

Neglecting this case, it is seen that the problem of this chapter 
is completely treated; however, the conditions that a quadratic 
form shall be a definite one appear in a less symmetric form 
than we wish. It is due to. the fact that we have given special 
preponderance to certain variables over the others. 

We shall consequently take up the same subject again in the 
next chapter. 
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64. The question is often regarding the greatest and the least 
values (the upper and lower limits) which a function may take 
when its variables vary in a given finite or infinite region. If 
tliis value corresponds to a system of values within the given 
region, then for this system the function will also be a maximum 
or a minimum in the sense derived above. 

For example, let it be required to distribute a positive number 
a into %-\-l summands, so that the product of the a^t\\ power 
of the first, the a^th. power of the second, etc., and finally the 
of l^st summand will be a maximum.^ 

The quantities • • •, +1 are to be positive numbers. 

Let 532? * • *j — ^ 2 “ * * * ~ be the summands in 

question and write 

27 = • • • x^^(a — x-^ — 

We must then determine when U or, what is the same thing, 
its natural logarithm, has its greatest value. 

If we put the partial derivatives of log U equal to zero, we will 

aiogcr a, 

dx^ X-^ a —X^ -- • — X,^^ 

d}og£^o^ _ + i _ Q 

dx^ a — x^ — ••• — x^^ 


^logU _an _ «« + ]. 

a — x■^ - x„ 

These equations may be written 


__ ^2 _ __x,f^ _a — x-^ — ••• — x^^ _ a 

cti ” CTg ” 5;,, ■” • • • + ' 

the last term being had through addition of the preceding 
proportions. 

If we call x^^\ x^^\ • • •, x}^^^ the values of the variables which 
satisfy these equations, we have 


xl^^ = a 


^14" 






y>(0) __ 


-f" • • • -f" 


'»i+l 


* Peano, § 137. 
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The corresponding value of U is 

To recognize whetlier is the greatest of the values of Z7, we 
may show that 27 is in fact a maximum for the system of values 
• • •, xP and that this position lies on the interior of the realm 
of variability under consideration. For, let x^, ^^ 2 ? * ‘ 
other system of positive values of the variables, for which also 
a — x^ — • • • — is positive, and substitute for the variables in 
log 27 the values 

■+* u , x^^^ + u (Xf^ — where 0 < < 1. 


Since the partial derivatives of the first and second order of log U 
are continuous for all these systems of values, we have through 
the Taylor development, observing that the first derivatives vanish 
on the position x^, - - x!^^\ 


logf/=logr7, 


1 

21 






p)2 


K7 


+ 


'^71 +1 


(xf^ 


+ 


( 1 ). 


.( 0 ). 




where x^\ • 


(a — 4^' — • • • — 
a;® are values of the variables of the form 


xf> + 6> («! - xf>), .. •, 4? + ^ w-here 0 < (9 < 1. 


The expression within the brackets is positive and different 
from zero, since it is assumed that the system of values a? 2 , 
. . x„, do not coincide with a;®, xf>, • - ai®. It follows that 
log U < log ox U < Uq, so that is, in fact, the greatest 
value which U can assume. 

We note that U takes a smallest value, viz., zero, if one of the 
summands into which a is distributed, vanishes. If we allow the 
summands to take negative values, it no longer follows that 
is the greatest of the values U. 
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THEORY OF MAXIMA ARB MINIMA OF FUNCTIONS OF SEVERAL 
VARIABLES THAT ARE SUBJECTED TO SUBSIDIARY CONDITIONS. 

RELATIVE MAXIMA AND MINIMA 

65. In tlie preceding investigations the variables 
were completely independent of one another. 

We now propose the problem: Amonij all nydems of ^^alrns 
{Xy which came the funcMon 

to ham maximim and minimum values and which at the same 
time satisfy the equations of conditions: 

[^] ^ 2 ^ * * 'y = 0 (X = 1, d, • • m , m ■< w), 

where • • •, a7hd • • •, xf are functions of the 

same character as f{Xp x^, • • •, x^^) in § 47. 

66. The natural way to solve the probhnn is to express by means 

of equations [1] m of the variables in terms of the remaining 
n — m variables and write their values in This 

function would then depend only upon the n — m variables which 
are independent of one another, and so the present problem 
would be reduced to the one of the preceding chapter. 

In general, this method of procedure cannot be readily per¬ 
formed, since it is not always possible by means of ecpiations [1 ] 
to represent in reality m variables as functions of the remain¬ 
ing variables. A more pnujticablo method must therefore be sought. 

67 . If (ttj, (^ 2 , • * *, a,f^) is any system of values of the quantities 

Xp x^, • • which satisfy the equations [1], then of the systems 
of values , , , 

^ hp * * *> 

ia the neighborhood of (a^, • • •, a„), only those which satisfy 
the equations [1] may be considered; that is, we must have 

[2] A(®i + ^i> *j4-Aj,. • A„)=s 0 (X = 1, 2, - • to). 

96 
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Heuce by Taylor’s theorem the h’s satisfy the equations 

ftzazU 

‘ * •> + = 0 

(X = 1, 2,.. m), 

where [h^, • • •, 2 denotes the terms of the second and higher 

dimensions in the respective variables. 

68 * It being assumed that at least one of the determinants 
of the ^?i^th order which can be produced by neglecting 71 — m 
columns from the system of on • % quantities 


[4] 


f 21 > f‘ ^ f ln> 
,<fmX^ f ' j f un 


is different from zero, then (see §§ 135 and 136) m of the quan¬ 
tities h may be expressed through the remaining n — m quantities 
(which may be denoted by K-m) hi the form of power 

series as follows: 


[5] //.x=(*3, K • • K • • • • • 

(X = 1, 2,.. m), 

where the upper indices denote the dimensions of the terms with 
which they are associated. These series converge in the manner 
indicat(3d in § 136 ; they satisfy identically the equations [2] and 
furniRh, if the quantities • • •, hi-m are taken sufficiently 

small, all values of the m quantities li which satisfy these 
eciuations. 

69 . The condition that one of the determinants in the preced¬ 
ing article be different from zero is in general satisfied; there 
are, however, special cases where this is not the case. A geo¬ 
metrical interpretation will explain these exceptions. 

Let F and an equation of condition / = 0 contain only three 
variables x^, and x^. 

The equation of condition f{x^, x^, x^ = 0 represents then a 
surface upon which the point (oj^, x^, is to lie and for which 
F{x^, %) is to have a'maximum or minimum value. 
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The determinants of the first order in the developnumt 
^2"^ ^h> ^^'s) 

with respect to powers of Q^nd cannot all be 6cj[ual to zero; 
that is, all the terms of the first dimension c-aainot vanish, the 
single terms being these determinants; and this means that the 
surface /=0 cannot have a singularity at the point in (pu^stion. 

Take next two equations of condition/| = 0 andyi^^-O bedwtuai 
three variables x^y and x^. OonsidiU'cd togctlua* tlu‘y repn^scmt 
a curve, and the condition that the corresponding dtderrtiinants of 
the second order cannot all be zero means here that the cairve at 
the point in question cannot have a singularity. 

70. If the values of the m quantities //^ are substituted in the 
diHemioe 

this expression then depends only upon tlu‘* n m variables 
Zq, h^y • • -, that are independent of one anotlu^r and may 

consequently for sufficiently small values of tlu‘se variubhss b(‘ 
developed in the form 

[6] jF{x-^y x^y * * •> ^^'2^ * ' ** 

pm K --’in 1 

. p “^p, tr 

It was seen (§ 61) that, in order to have a niuxiimun or initiinmtn 
on the position (rtj, ^r„), it is necossary Unit thn tt'rniH ol' 

the first dimension vanish, and ('<inHe(nu‘ntly 

[7] (P--. w). 

71 . This condition may bo easily expressed in amitiuir mantior. 
We may obtain the quantities « if, in the dovolopmant 

F{x^, • • •, X,,)- /''(«.!, «„) 

=2''A+:‘2W.+ ---. 

we substitute in the terms of the first dimensiojii the values of tlie 
m quantities from [5] and arrange the result lu'cording to the 
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quantities k^, k^, ■ ■ ■,kn_^. In other words, the equations [7] ex- 

fjL = n 

press the condition that must vanish identically for all 

systems of values of the ^’s that satisfy the m equations [3] after ^ 
they have been reduced to their linear terms. These are the 
m equations 

[«] 2AA=0 (X = 1, 

Now multiplying these m equations* respectively by m arbitrary 
quantities adding the results to the equation 

fx — n 

0. 

we have the following equation : 

fx^n 

[9] hfl,^ + ^ 2 / 2 ^ 1 + • • • + 0- 

[X - : - 1 

But the e’s may be so determined that those terms in this sum¬ 
mation drop out which contain the m quantities \ which are ex¬ 
pressed in [5] through the % — m other /t’s; by causing these 
terms to vanish, a system of m linear equations is obtained, whose 
determinant by hypothesis is different from zero. 

Since the terms which remain of equation [9] are multiplied 
by the completely arbitrary quantities ^ 2 ? • * *’ it 

possible for this ecpation to exist unless each of the single 
coefficients is equal to zero. 

Consequently we have as the first necessary condition for 
the appearance of a maximum or minimum the existence of 
the following system of n equations, 

^iflfx 4“ • • • 4“ 0 (//- = 1, 2, • • •, ^), 

in the sense that if m of these equations exist independently of 
one another, the remaining n — moi them must be identically 
satisfied through the substitution of the e’s which are derived 

^This method is duo to Lagrange, ThSoHe des Fonctiom^ p. 268; see also Gauss 
(Theorta Oomh, Observ. Stipp. §11). 
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from the first m equation, it being of course presupposed that- 
the system of values {a^ a„) has already been so chosen 

that the equations [1] are satisfied. 

Taking everything into consideration we may say: In order 
' that the function F {x^, x^, ■ ■ ■, hare <i maximum or mini¬ 
mum on any position {a-y, a.p ■ ■ «„), '>t m neixuttary that the, 

- n -\-m equations 

dx^ dx^ dx^ f)x^ 

[10] i , (/xr..l,2, • 

• • •, a',|) — 0 (X 1, 


0 

•, > 1 ), 
at) 


le satisfied ly a. system of real values of the n f- m quantit’ie.s 

72 . These deductions were made under tlu‘ one asBumption 
that at least one of the dotenuinautB of the /ath ordca* which 
can be formed out of the in • n t|uantitieB [4] through the onuBHion 
of u — m columns does not vanish. This condition was neccHsary 
both for the determination of the (luantiticB //, whi(di satisfy the 
equations [2], and also for the determination of tlu^ //e. fat^.tors 

It may happen^ that a maximum or minimum of tin** fun(‘4ion 
F enters on the position (t„) ev(ui wlien tlu^ iilxn'e 

condition is not satisfied. For if it is possihle in any way to 
determine all systems of values of the h>n nt^i (*xcaHHling c'crtain 
limits that satisfy the oquatioiiB [2], the equations [7| togetlu‘.r 
with the equations [1] are suflicient in number to determine tin* 
n quantities 

When the above assumption is not aatisficMl, the iH|uations [K j 
exist identically, and conseciuently the equations [3], wlucli serve 
to determine the /ds, begin with terms of tlie second dimension. 
We may often in this case proceed advantageously by introducing 
in the place of the original variables a system of n — m new vari¬ 
ables so chosen that when they are substituted in the given 
equations of condition they identically satisfy them. 


»8©e Stote, |). 257. 
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73. To make clear what- has-been said, the following example 
will be of service; its general solution is given in-the sequel 
Find the shortest line which c(m he- dr awn-from-d-^iren-point- td 
a given surface. Upon the surface there -are-< 3 ertaiii points-of 
such a nature that the lines joining these points with the given 
point have the desired property and, besides, stand normal to the 
surface at these points. 

If by chance it happens that one of these points is a double 
point (node) of the surface, so that at it we have f^= 0, f^= 0, 
7^= 0, then in reality for this point the terms of the first dimen¬ 
sion in the equations [2] drop out and we have the case just 
mentioned. ‘ 

If the surface is the right cone 

/2:) = 0 = ■ 

we may write 

(x=2 uVj 

[11] H ^2^ 

The equation of the surface is identically satisfied, and it is easily 
seen that we may express the quantities /ij, h^, h^ through two 
(piantities li\ and independent of each other even in the case 
where the required point of the surface is the vertex of the cone, 
that is, the point 2:=0 = y = 2 :, or^ = 0 = 'y; and in fact in such 
a way that fxot only indefinitely small values of Ag, h^ corre¬ 
spond to indefinitely small values of \ but also that all 
systems of values h^ h^f h^ are had which satisfy the equation 

fi^^+^Ky + K ^ + A3)=0. 

The variables, however, must be given at one time real, at another 
time purely imaginary, values if the equations [11] are to repre¬ 
sent the entire surface of the cone; but in this manner the 
unavoidable trouble has taken such a direction that the proposed 
problem falls into two similar parts, which may be treated in full 
after the methods of Chapter V. In other cases we may proceed 
in a like manner. The special problem will each time of itself 
offer the most propitious method of procedure. 
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74. We must aow establish the criteria from which one can 
determine whether a maximum or minimum 

really enters or not on a definite position which 

has been determined in § 71 above. 

One might consider this superfluous, since in virtue of tlie cri¬ 
teria given in the previous chapter a maximum or minimum will 
certainly enter if the aggregate of terms of the second dimension 
in [6] is a definite quadratic form of the nature indicated. 

It is, however, desirable to determine the existence of a maxi¬ 
mum or minimum without having previously made the develop¬ 
ment of the function in the form [6]; for in order to obtain the 
coefficients we must pay attention not only to the terms of 
the first dimension but also to the terms of the second dimension, 
when the values of [5] are substituted in the development of 

F{x^, a:2, • • x^)-F{a^, a^, • . a^) 

^ = 1 

75 . The above difficulty may be avoided if we multiply by 
the quantities (/x = 1, 2, • •. m) respectively each of the expres¬ 
sions [2] which vanish identically, add them thus multiplied to 
the above difference, and then develop the whole expression with 
respect to the powers of h. 

Owing to equation [9] terms of the first dimension can no 
longer appear in this development, and we have, if we write 

ft=m 

[12] 

[ 13 ] x^,. . x^)-F{a^, a^,..a^) = G(x^, x,^, 

We have, accordingly, the homogeneous function of the second 
degree 2)^p(r^p^(r of the formula [6] if we substitute in h 7«.„ 

the values [5] and consider only the terms of the first *^meiision 
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in the process. If then the criteria of the preceding chapter are 
applied we can determine whether the function F possesses or 
not a maximum or minimum on the position ^ 2 , • • - , 

76. The definite conditions that have been thus derived are 
iinsymmetric for a twofold reason: on the one hand because in 
the determination of the quantities h some of them have been 
given preference over the others, and on the other hand because 
those expressions by means of which it is to be decided whether 
the function of the second degree is continuously positive or con¬ 
tinuously negative have been formed in an unsymmetric manner 
from the coefficients of the function. 

It is therefore interesting to derive a criterion which is free 
from these faults and which also indicates in many cases how 
the results will turn out. With this in view let us return to the 
problem already treated in the preceding chapter and propose 
the following more general theorem in quadratic forms. 


I. THEORY OF HOMOGENEOUS QUADRATIC FORMS 


77. Theoki^M. We have given a homogeneous function of the 
second degree 

A,^ 

in n variablesj which are subjected to the linear homogeneous equa¬ 
tions of condition 


[15] = 0 (X = 1, 2,. •m; m <7t); 

^-1 

we are required to find the conditions under %ohich ^ is invariably 
positive or invariably negative for all those systems of values of the 
variables which satisfy equations [15]. 

It is in every respect sufficient to solve this theorem with 
the limitation that the quantities x are subjected to the further 


condition 

[ 16 ] 

for if + ‘^*1 + ■ 


^2 


+ 


= 1 ; 


then 


\N \p) 


^— + 
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Furthermore, if satisfy [15], then, also, 

** /" * \ I ^ ' 

satisfy these equations, •flfhile, since . • • •, 

the signs of the two quadratic forms are tlui same. 

It.is, therefore, in every respect admissible to add the eciuation 
[16]. We have, however, thereby gained an (^ssimtial advantage: 
for owing to the condition [!(>] none of the variables can lie 
without the interval -1 - • • +1; furthermore, since, the function 
varies in a continuous manner, it must necessarily havt^ an upper 
and a lower limit for those values of tlie variables .r^, .r .^,..; 
that is, among all systems of values which satisfy the e(iuatiuns 
[15] and [16] there must necessarily be one * which gives an 
upper limi t and one whicli gives a lowm- limit of ^ (see § H). 

We limit ourselves to the determination of tlu^ latt('r. By trial 
we can easily determine whether ^ reaches its lowtw limit on tlu‘ 
boundaries, that is, when one of the'- :e’s = 1 1, while the others are 
all zero. If this lower limit is 'iwi reached ott. tlui boumlaries, then 
<j) has a minimum value within the iKninduries (cf. § 64). 

78 . Through the addition of e([uation | I6| (he thiHinun of tlu‘ 
preceding article is reduced to a problem in the theory of maxima 
and minima; for if the minimum value of —, .r„) is 

positive, ^ is certainly a definite iK)sitive. form. 

Consequently, if wo write 

A n (t m 

[17] 

A I p “i' ll 

then, in order to find the position at which thert^ is a ndnimum 
value of the function, we have to form the system (»f eiiuutions 


This gives 
or, 


BO 

dx^ 

dx^ 

fl » 74 


0 (X=l, 2,. 


pmM 


86. 


- 2«ay+ 0 (X == I. 2. • •n). 


pml 


p m m 


^ (X =a 1, 2 , • • ** 7l), 

fl ml p ml 

^Crelie'8 Journal, VoL LXXII, p. 141; abo Hamit, Cttiv. iiijr. H ini,, pp. 17 I't h»m|. 
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From the n + tn + l equations 


[19] 




0 (X = 1, 2,.. n), 

P=i 


n. = n 


^ (/3 = 1, 2,. .., m), 


p = l 


\ — n 

2)*a=i 

X = 1 


the n-j-m-{-l quantities x^, ^ 2 ? * ' ’> ^ 2 ? ‘ ^ be 

determined. Since we know a priori that a minimum value of 
the function </> in reality exists on one position, we are certain 
that this system of equations must determine at least one real 
system of values. 

Consequently the first n + m linear homogeneous equations of 
[19] are consistent with one another and may be solved with 
respect to the unknown quantities x^ x^, 

their determinant must therefore vanish, and we must have 



Aji — e, 

^12> 


«!!, • • 





^2V 

*^22 * * 

•> 

^12> ■ ■ 

^m2 



[20] = 

-^nV 


’ 9 -^nn 

^ln> ‘ * 

*9 ^mn 

= 

0 . 


^IV 

^12> 


0,-- 

; 0 







0,-. 

•, 0 



The equation 

Ae = 0 

is clearly 

of the 

n — mth 

degree 

in 


The minimum value of </> is necessarily contained among the 
roots of this equation; for if we multiply the equations [18] 
respectively by x-^, ^^ 2 , • • x^^ and add the results, we have 

[ 21 ] x^, • • •,Xn)==e, 

it being presupposed that the system of values (x-^y 
together with the quantities satisfies the system of 

equations [19], which is only possible if « is a root of the equa¬ 
tion A e = 0. Furthermore, among the systems of values x which 
satisfy the system of equations [19] that system is also to be 
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found wMch. calls for the minimum, and since the value of the 
function which belongs to such a system of values is always a 
root of eq[uation [20], it follows also that the required minimal 
value of (f> must be contained among the roots of this equation. 

As already remarked, this minimal value must be positive if (f> 
is to be continuously positive for the systems of values of the 
under consideration, and from this it follows that Ae must 
have only positive roots. For if one root of this equation was 
negative, then for this root we could determine a system of 
values 0 O 2 , • • •, e^, e^, • • •, for which, as seen from [21], 

cj) is likewise negative. 

Hence^ in order that <f) he continuously positive for all systems 
of values of the x's which satisfy the equations [15], it is neces¬ 
sary and sufficient that the equation Ae= 0 have only 'positive roots?" 

The question next arises, When does the equation Ae = 0 
have only positive roots ? It may be answered in a completely 
rigorous manner by means of Sturm’s theorem;! but the inves¬ 
tigation is somewhat difficult; and the symmetry, which we 
especially wish to preserve, would be lost when we applied 
Sturm’s theorem. 

For develop the determinant according to powers of e as 
follows: 

[ 22 ] - 0 ; 

then if all the roots of this equation are real and positive, the 
coefficients B must be all positive, and, reciprocally, if the roots 
of this equation are real and the E’s are all greater than 0, the 
roots of the equation Ae = 0 are aU positive. The form is then 
a definite quadratic form. The necessary and sufficient condition 
that the form be not a definite one is that e = 0 be the smallest 
root of the equation above. 

* See Zajaczkowski, Annals of the Scientific Society of Cracow^ Vol. XII (1867); see 
also Richelot, Astronom. Nachr., Vol. XLVIII, p. 273. 

t Burnside and Panton, Theory of Equations, chap, ix; Hermite, Qrelle, Vol. LII, 
p.43; Serret, Algebre Sup., Vol. I (1866), p. 581; Kroneclcer, Berlin. Monatsbericht, 
February, 1873. 
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79. We shall first show that all the roots of the equation 
Ae = 0 are real for the case where no equations of conditions 
are present. (See J. Petzval, Haidinger’s Naturw, Ahh, II (1848), 
p. 115.) 

Equation [20] reduces then to the form 


All” 


’ ’ -^in 



■^22 

‘ > -^271 

. 

= 0, where 

‘^nl’ 

-'^712’ 

* * ’> e 



an equation which is called the equation of secular variations 
and plays an important rOle in many analytical investigations; 
for example, in the determination of the secular variations of 
the orbits of the planets, as well as in the determination of the 
principal axes of lines and surfaces of the second degree.* 

80 . Weierstrass's proof t, which is very simple, that all the roots 
of this equation are real, depends only upon the theorem that if 
the determinant of a system of n homogeneous equations vanishes, 
it is always possible to satisfy the equations through values of 
the unknown quantities that are not all equal to zero. 

Instead of the equation [16] we subject the variables to the 
somewhat more general equation 

xf) = l, 

where i/r denotes a homogeneous function of the second degree, 
which is always positive t and is only equal to 0 when the 
variables themselves vanish. 


* In this connection the reader is referred to Laplace, M^m. de Fans, Vol. II (1772), 
pp. 293-363; Euler, de Berlin (1749-1750); Theoria motvs corp. sol., chap, v 

(1765); Lagrange, M^?n. de Berlin (1773), p. 108; Poison et Hachette, Journ. de 
Vi^Qole Folytechn., Cah. XI (1802), p. 170; Kummer, Crelle, Vol. XXVI, p. 268; 
Jacobi, Crelle, Vol. XXX, p. 46; Christoff el, Crelle, Vol. LXIII, p. 257; Bauer, Crelle, 
Vol. LXXI, p. 40; Borchardt, Liouv. Journ., Vol. XII, p. 30; Sylvester, Phil. Mag., 
Vol. II (1852), p. 188; Salmon, Modern JSigher Algebra, Lesson VI; and see in par¬ 
ticular Edward Smith, Solution of the Equation of Secular Variation by a Method due 
to Hermite. (Dissertation, University of Virginia. 1917.) Numerous other references 
are given in the paper last mentioned. 

t Weierstrass, Berlin. Monatsbericht, May 18, 1868. Cf. also Kronecker, Berlin. 
Monatsbericht (1874), p. 1. 

t Note the lemma of §§ 83, 84, and 85. 
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81. If we form the system of equations (see [12] of precedmg 
chapter) 

[24] = O (X = l, 2,..72,), 

then these equations may always be solved if their determinant 
vanishes. 

This determinant is exactly the same as that in [23] if we write 

x = n 

We assume that e = k-i-l% where i = V — 1 , and that we have found 

(^ = 1 , 2 , 

as a system of values that satisfy the equations [24]. 

We must consequently have 

^4- Vn'^ 

-(Jc-h L+ = 0 

(\ = 1 , 2 ,..., n). 

Since the real and the imaginary parts of these equations must of 
themselves be zero, it follows, when we observe that and 
are linear functions of the variables, that 

• • •> ^ 2 , • • •> D+^i^k{Vl, Vi, • • •, Vn)= 0, 

Vi, • ■ •, Vn)-^'h\(Vi, Vi, ■ • •, Vn)-i'P'k(^l, h, • • •> f»)= 0- 

82 . Next multiply these equations respectively by and 
take the summation over them from 1 to n, and subtracting one 
of the resulting equations from the other, then, since (see [17] of 
the preceding chapter) 

'^v\<i>k{h, U, • • •> D=^Li'k(vi, Vi, • • Vn), 

A X 

^2> • • •> Vi, • • -, Vn), 

X X 

we have 

^{'X^k^kiVv Vi, ■ ■ ■, Vn)+'^L‘fk(^l, il, ■ ■ -, D}= 0, 
or, 

[25] ^{•^(’71, Vi, ■ ■ ■, ’?»)+ -f (ll, ?2> • • •» In)} = 0. 
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If it is possible to find systems of values of the quantities 
^ 2 ? • • •» which satisfy the equation [24] under the assumption 
that e = ^ -f then these values must satisfy at the same time 

[25] ; but since after our hypothesis the quantity within the 
brackets cannot vanish, it follow's that I must be equal to zero; 
that is, every value of e for which the determinant vanishes, 
is real. 

Hence we have the theorem; 

In order that a quadratic form x^) he invariably 

positive, it is necessary and- sufficient that the development of the 
determinant [23] which admits of only real roots, when expanded 
in powers of e, viz. 

[26] -+(- 0, 

consist of n-{-1 terms and that these terms he alternately positive 
and negative. 

If the function is to he invariably negative, then the equation 

[26] m'lLSt he complete and have continuation of sign. 

Thus for the case where the variables are subjected to no 
conditions we have derived the criteria as to whether or not a 
homogeneous quadratic form is a definite one directly from the 
coefficients of the function and in a form that, is perfectly 
symmetric. 

83. Lemma. If a homogeneous function of the second degree 
^n) can become zero for my system of real values 
of the variables which are not all zero, then may be both 
positive and negative, it being presupposed that the determinant 
of yjr is different from zero. 

Let the function yfr vanish for the system of values • • • > ^n) 

and instead of x-^, x^,---,Xn write in the arguments ^ 1 + cffi, 
^ 2 +^ 2 ^, • • •, whcre the c’s are indeterminate constants. 

Developing with respect to powers of h we have 

cffi, cjc, • • •, cjc) 

az=n 
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By hypothesis the f’s are not all zero, and the determinant of ■yfr 
being different from zero, it follows that yjr„(a=l, 2, ■■ ■, u) can¬ 
not all be zero. 

Since, furthermore,c,,(a =1, 2,---,n) are arbitrary constants, we 

a = ‘ti 

may so choose them that]^c«i/r„(|:i, • • •, t) «««! equal to zero. 

= 1 

Now by taking h sufficiently small we may cau-sc the sign of 
the expression (^) to depend only ui)on the first term on tlu^ 
right-hand side of that expression. 

Hence, if we choose h positive or negative?, we. have .systems 
of values (asj, x^, ■ • ■, x„) which make yjr i)ositiv<^ or negative. 

84 . The determinant of the system of ecjuations [24J is formed 
from the partial derivatives of 


*^{*1, ^2> ■ ' *n) '^'21 ■ ■ •> ^ n)y 

that is, from <f>. (x^, ..., .«„) - ef„ (x^, x.„ x,,) =. 0 (f/) 

(« = 1, 2, -.., w), 


where (f>^ and denote and n^apcitivcdy. If thin 

determinant is equal to zero for a value of e, it follows that we 


can give to the variables aq, 


• ,.q, values that are not all 


zero and in such a way that the n equations («) exist. I,et this 

value of 6 bo e = k + H- then if f s; 0, it may be shown that 

the function yjr can have both ])ositive. and m^gativcs values. 

Denote the system of values (,r,, • • •, x„) whie.h satisfy the. 

equation (ii) by . 

^ ^ = 2 , «); 

then, as in § 82, it may be proved that 


• • •, f») + v-x ■ • »;„) j~ 0. (m) 

Since by hypothesis I is not zisro, the equation (Hi) can only 
exist either when and r;,, . .., have 

opposite values (and then it is proved, what wo wish to show, 
that ^|r can have both positive and negative values), or when’ 
the two values of the fuue,tion are both zero (and then from 
what was seen in the preceding section f cr'n take both imitive 
and negative values). 
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85 . Ill this connection it is interesting to prove the following 
theorem: If tli6 determi%ant foTTned frowj the jpartiobl derivatives 
of the homogeneous gioadratic form ^ 2 ^ • • •, xf) is different 

from zero, and if among the infinite numier of guadratic forms 

there is o?ie definite guadratic form, the determinant formed from 
the partial derivatives of 

x^, eylr(x^, X2, • • •, x,,) 

vanishes for only real values of e. 

The theorem will also be true if the determinant of ^ (and 
not as assumed of -x/r) is different from zero. 

Let Xj<j[> + be a definite quadratic form, and write 

= ^|r(x^, Xy,). 

We shall further choose two constants \q and /Hq in such a way 
that when we put 

\<f> + /^oir = ^(X^, X^), 

<f> is different from zero. 

We know from the previous article that the determinant 
formed from the equations 

0 2, ..., n) 

can only vanish for real values of k The equations 

= 0 (<r = 1, 2, .. ., 7^) (iv) 

may be written in the form 

(Xq- 0 {a = l, 2, .. n), 

or (a = l,2,...,n). (v) 

If we eliminate -yX^ from these equations, we must 

have tlu‘. same determinant for their solution as from the equa¬ 
tions (iv). 
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' Hence every h which causes this last determinant to vanish 
must also cause the first determinant to vanish. But the k\ arc 
all real. It follows that if we form from them the n expressions 

Xq— AXj 

these quantities must also be real. 

Hence the determinant of the n equations 

0 (« = 1, 2, • • •, n) 

has always n real roots e. 

We may therefore say: If amo7U/ all the quadratic forms 
which are contained in the form 

there is one which can have only positive or only negative values^ 
then the determinant of ^ --eyjr will have only real roots, it being 
assumed that the determinant of or of is not zero. 

The theorem in § 80 is accordingly proved in its greatest 
generality. 

86 . The case where equations of condition arc prcacuit may 
be easily reduced to the case already considered. Tfu»i determi¬ 
nant [20] was the result of eliminating the ciuantities -. •, 
h> n + m etiuations 

ju, an U 

[18] (\= I, 2,. u), 

jU,»l paal 

[16] ^p=ii«pA== 0 (p = 1, 2,.. m). 

fi»X 

Since the result of the elimination is independent of the way 
in which it has been effected, we may first consider m of the 
quantities x, say: ajj, iCj, • • • x^, expressed by means of the equa¬ 
tions [15] in terms of the remaining n — m of the x'n, which 
inay bis denoted by fn-m- W® thus have 

[27] x^= 2) (m = 1, 2,..m). 

BS 1 
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Through the substitution of these values, let 4>(x^, x^) 

he transformed into J and the equation 


A = n 

X*'=i !«-,»)=1. 

X sssj 


The function ^ is invariably positive and is only equal to zero 
when the variables themselves all vanish. 

The equations [18] may be written in the form: 

IBS g(9„ 

(^ = 1 . 2 , 

0CC 

Multiplying these equations respectively by — (X = 1, 2, • • •, n), 
and adding the results, then, since 









1 

2 


\=n 



we have the following equations; 


1 ^ 


a 2 /v" ^ n 


2 / • “ 


(v = l, 2,..., n). 


The last term of this equation drops out if we substitute in it the 
expressions [27], since the 0^ expressed in the fs vanish identi¬ 
cally, and we have the equations 


[28] (v = l, 2,...,n-m). 

Now give p all values from 1 to n — m, and we have a system of 
n—m linear homogeneous equations, from which we may eliminate 
the yet remaining tn-m- result of this elimination 

is an equation in e and must give the same roots in e as [20]. The 
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equations [28] are, however, created in exactly the same manner 
as the equations [24]. If, then, Ae is the determinant of these 
equations, it follows that the roots of the equation Ae^O are 
all real. 

87. As the solution of the theorem proposed in § 77 the final 
result is: 

In order that the homogeneous function of the second degree 

(f>(Xp • • •, 

A,^ 

be-mvariaUg positive for all systems of mlues of the quantities 
Xp £^ 2 , • • •, '^hich satisfy the m linear homogeneous equations 
of condition ' 

® (p = 1, 2,. • ;«), 

/xaal 

it is necessary and sufficmit that the form of the equation [ 20 ], 
developed with respect to powers of e and which hm ofity real 
roots, consist of ti-m-fl terms amd that the signs associated 
with these terms be alternately positive and negative. There must, 
however, be only a continuation of sign if <p is to be invariably 
negative. 

The above method was first discovered by liigrange, who did 
not, however, sufficiently emphasize the reality of the roots of 
equation [20]. 

IT. APPLICATION OF THE OEITERIA JlbST FOl^ND TO THE 
PROBLEM OF THIS (!HAFTER 

88 . We have determined the exact conditions nact^ssary for a 
homogeneous quadratic form to be definite for tlie cerise where the 
variables are to satisfy equations of condition and in a manner 
entirely symmetric in the coefficients of tlie given function 
together with those of the given etiuations of conditioiL 

At the same time with the solution of this problem, the 
problem of maxima and minima which we have proposed in tliis 
chapter is solved. 
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89. Having regard to tlie remarks made in § 71 and § 74 we 
have as a final result of our investigations the following theorem; 

Theorem. If those positions are to he fo%md on which a given 
regular fimction F{x^, xf) has a maxirmim or minimum 

value under the conditiori that the n variables x^, Xc^, • • •, x„ satisfy 
the m equations 

[^] ‘ 0 (X = 1, 2, • • •, m), 

where f^^ are likewise regular functions, roe write 

p=?» 

k “j“ p~ ("^1? 

P=1 . 

and seek the system of real vahm 

x-y, *' ') c-y, e^y ’ ‘ ^771 

which satisfy the n + m eqfitaiions 

[«] Ux^ • . 

/a=0 (X = 1, 2, 

Ifia.p • • •, a.„) is su.ch a systenn of vahoes of x^, x^, • • •, x^y 
then we develop, the difference 

(} (<' 4 - 4 " h’ly ”” G(a-Y, a^^, • • ••, a^f) 

with respect to powers of h, and have {since no terms of the first 
dimension can ap)pear, owing to-^ equations [c]) the following 
development: 

[r/] h-^y a^-hh^y • • *, G{a-^y a^, • . •, a^) 

= 2 ^ ^ 2 ^ • * *> ^n)k'p.hv'^ * * 

We must 7 iext see whether the function 

[g] ^^2”' * "» hf) ='''^G^fifhp 

fly V 

is mvariahly positive or invariably negative for all systems of 
values of the Ids which satisfy the m equations 

fji, mn ^ \ 

m “2. • • •. 0 (P = 1. 2, • • •, m). 

II 
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G'u- 

6^22“' ’ 

• O ^2w» 

f\v * 

fv2,’ * 

* * i f ml 

• /7n2 

\s] j ^nV 
/n' 

/l2? 

p _ 

* O ^nn 

* ''i fx'nfi 

n’ * 

0, 0, • 

"'if mil 
0 

/ml’ 

ml’ 

* J f mn’ 

0, 0, ' . 

0 


„,ul this determinant pnt equal to 0 is an equaUon oj the n 
dearee in e, which has only real roots. Demlop%ng the detemvim nl 
Ah respect to powers of e, we have to see whether the devedop- 
ment consists of n-m+1 terms with alternately pos^twe and 
negative sign or with only continuation of sign. 

If the first is the case, the function <f> is invariably po.sttirc, 
laid the function F has on the position (a^, aj, • • •, «•») minimum 
value-, if, on the contrary, the latter is true, then <p is invariably 
negative, and F has on the position («!, a^, ■ • -, «■») a maximum 

rah IF,. 


This criterion fails, however, when cf) vanishes i(lentii*.ally, 
tecanse the quantities G^y vanish for the position ^ n) i 

and it also fails when the smallest or greatest root of = 0 is 
zero, since in this case we may always so choose the JAh that 
(f> vanishes without the A's being all identically zero (see § H3). 
In the latter case the function is an indefinite or a Boini 
definite form (§ 78). 

In both of these cases the development [d] begins with tea'iim 
of the third or higher dimensions, and for the same reason 
as that stated at the end of § 63 we cannot assert that in 
general a maximum or minimum will enter on the position 

90. We give next two geometrical examples illustrating the 
above principles. 


Problem I. Determine the greatest and the smallest curvatuTe 
ai a regvXar 'point of a surf ace F(x, y, «) = 0. ^ 
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If at a regular point P of a plane curve we draw a tangent 
and from a neighboring point P' on the curve we drop a perpen¬ 
dicular F'Q upon this tangent, then the value that 2 —— == ^ 

Ls 

approaches, if we let P^ come indefinitely near P, is called the cur¬ 
vature of the curve at the point P. If the curve is a circle with 

radius r, the above ratio approaches i as a limiting value and is, 


[ 1 ] 


2 r'Q 


. 1 . 

r 


therefore, the same for all points of the circle. ISTow construct' 
the omdating circle which passes 
through the two neighboring points F 
and P’ of the given curve. The arc of 
the circle PP’ may be put equal to tlu' 
arc PP^ of the curve, when P and 7"' 
are taken very near each other, and 
consequently, if r is the radius of this 
circle, the curvature of the curve is 
determined through the formula 



The (piantity r is called the radius of c'lcrvature, and the cen¬ 
ter M of the circle which lies on the normal drawn to the curve 
at the point P is known as the center of curvature at the point P. 
The curvature is counted positive or negative according as the 
line or, what amounts to the same thing, JlIP has the same 
or opi^osite direction as that direction of tlie nontial whi(di has 
been chosen ])ositiv6. 

If we have a given surface and if the normal at any regular 
point of this surface is drawn, then every plane drawn through 
this normal will cut the surface in a curve which has at the 
point P a definite tangent and a definite curvature in the sense 
given above. 

The curvature of this curve at the point P is called the curva¬ 
ture of the surface at the point P=(£c, y, z) in the direction of the 
tangent which is determined through the normal section in question. 





theory of maxima anh minima 

FoUowing the definitions given above it is easy to fix the 
ansJytio coBceptioa of the curvature of a surface aud tlieu to 

formulate the problem in au analytic mm.ner 

If p' = (.*' y', »') is a neighboring point of P on the surtaee. 

the equation’of ’the surface may be written in the form: 


where 




iUy'~ 



-{- 2 ““ 

.r)(y'- 

- y) + 2 

^n{y' 

-■</)( 

1 

-i- 





cti i<^ 

11 


dF ^ 

' 


dF 

‘(‘i 



d'^F 

iJf 

d'^F 



- ^ ’ 





gap 


(f^F 


^28 = 

dydz 


(Mir 


•-) 


The equation of the tangential plane at the iioint /' is 

[3] - y ')+■■ ■ *) " 

where y, ^ are the running coikdinates. 

Therefore, if we write for brevity 


[4] Vlrf+ >1 + /'I //, 

and take as the positive direction of the normal of tlie surface 
at the point P that direction for which // is jHwitive, then the 
direction-cosines of this normal are 




//' 


11 


and 


5. 

II 


Consequently the distance from /*' to the tangential plane is 

[5] ^ (a/ — *) -I-.J (i/' — y) 4- ^ {z' — z). 

The negative or positive sign is to be given to the expression 
on the r^ht-hand side according as the length P’Q has the same 
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or opposite direction as that direction of the normal which has 
been chosen positive. 

In the first case, paying attention to [2], which has to be 
satisfied, since F’ lies upon the surface, we have 


[ 6 ] 

_ ^*'11 


2P'Q 


where A’’-* = (a;' — x)'^ + (y' —y)‘^ + ( 2 ' — 


In the case where the direction F'Q is contrary to the positive • 
direction of the normal, we must give the negative sign to the 
right-hand side of [6]. 

Now let F' approach nearer and neai-er F; then the q^uantities 
x' — X y' — y z' — z 

j ----L-. y --- j 

S A 


which represent the direction-cosines of the line PF^, become the 
direction-cosines of the tangent at the point F of the normal sec¬ 
tion that is determined through P'. Representing these by cc, /3, 7 

FO 

and the limiting value of 2 — by /c, tlien 


[7] + 


where the terms of higher degree in xJ — .r, etc. are neglected. In 
this formula k represents the curvakixe of the surface in the direc¬ 
tion determined hj /S, 7 . This is to be taken positive or negative 
according as the direction of the length MF, where M is the center 
of curvature, corresponds to the positive direction or not. 

If the coordinates of the center of curvature are represented 
by 1 /q, Z 0 and the radius of curvature by p, then 


X — Xq:= p 



_ 1 


or, since 
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f __ 

® Aii«2+ F’22/8'+ • • • + 2 2^817® ’ 

__ ^ _ 

' ^ ^0 i?’ua2++ ... + 2 ’ 

_ ^ _ 

. ^ " F,^a^+ +...+2 Fs^ya' 


Since 1{ does not appear in these expressions, we see that the 
position of the center of curvature is independent of the choice 
of the direction of the normal. 

Suppose that the normal plane which is determined through 
the direction a, yS, y is turned about the normal until it returns 
to its original position. Then, while a, /3, y vary in a definite 
manner, the fimction k of a, yS, y assumes different values at 
every instance, and since it is a regular function, it must have 
a maximum value for a definite system of values {a, jS, y) and 
likewise also a minimum value for another definite system of 
values (a, y). 

The quantity ~ has .the same value for all normal sections 
Jti 

that are laid through the same normal* We have, therefore, 
to seek the systems of values (a, /8, y) for which the expression 

+ 2F^^a^+2F^^^y + 2F^^y(X 

assumes its greatest and its smallest value. 

We have also to observe that the variables a, /8, y must satisfy 
the equations of condition 


rg-j \ -‘r , 

{ a^+^ + y^ = 1 , 

the first of which says that the direction which is determined 
through a, y is to lie in the tangential plane of the surface 
at the pomt P, while the second equation is the well-known 
relation among the direction-cosines of a straight line in space. 

EdS.^?m’ ^ ^ Geometry of Three Dimensions (Fourth 
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Following the methods indicated in § 89, we write 

[10] G = +■■■+2 F,^rya 

- e{a^+13^+ rf- 1) + 2 &\F^ a + F^^ + F^i), 

and we then have (§ 89, [c]) to form the equations 


^ = 0 ^ = 0 ^--0 
da ' ^ 

from which we must eliminate a, /3, 7 , and e'. 
These equations are 



((^n- 

e)a + Aj 2/3 

+ -^’i37 +F^e'= 0 . 

[11] 


+ ('/^22~ 

e )0 + F^gy 4- F.^' — 0, 

I /'si* 

+ -/42/3 

+ (-/ss — fi) 7 4- ^ 3 ^' = 0, 



+ A2/3 

+ F,y =0, 

where 



(X,/. = l, 2, 3). 


Through elimination we have 


F,,-e, 



>’l 

/'2n 

7^22 

>23- 

>2 


^82» 

>83 “ 

>8 

J'v 


>’ 3 . 

0 


This is an equation of the second degree in e, and consequently 
gives us two values and which are maximum and minimum 
values, since both maximum and minimum values enter, as 
shown above. Multiplying the first three equations [ 11 ] by a, /9, 
7 respectively and adding the results, we have 

[13] F^^a'^+F^^^+ F^^rf+ 2 F^^a^ + 2 F^^^r^ + 2 F^^r^a = «. 


Hence, from [7] we have 


[14] 



e 

H 
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Consequently the two principal curvatures at the point P have 

1 ^2 
.Pi" 

and the coordinates of the corresponding centers of curvature are 
found from the formulae 




Fs 


^ — a?0i = — ’ 

h 

y 


Z — Zqi^— ? 

i ^2 


II 

1 

. -^3 

y 

Z — Zf^2 — 


In order to determine e, let us write 

Pi1 = (P22-«)(^38-«)-^23"> 

-® 12 ~ -^23-^13~ ~~ ^)< 

and form from these the corresponding quantities through the 
cychc interchange of the indices. Equation [12] may be written 
in the form* 

+VI + A3J"I + 2A2^iJ’2+ 0. 

Developing this expression with respect to powers of e, we have 
[17] P262_xe + lf= 0, 

where L= H^{F^^ + P 2 ,+ P 33 )- {F^^F^ + F^^F?, + 

+ 2 + 2 F^F^F^ + 2 F,^F^F, 

and M={F^^F^^-F^I)F^+{F^F^^-F^^)Fi 

+ {FnF^-, - Pil) P| + (Pi2^’i8 - FM Vs 

+ (-^ 23-^21 ~ -^31-^22) FsFi + (PsiP 32 “ 53) . 

From [17] we have at once the values of the sum and the 
product of the two principal curvatures, viz. (see equation [15]): 

'L + L='JL 

,Pi Ps 
1 _ M 
. P1P2 

* See Salmon, loc. cit., p. 257. 


the values 

[15] 


[18] 
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We have thus expressed the sum of the reciprocal radii of curva¬ 
ture and also the measure of curvature of the surface at the point P 
directly through the coordinates of this point. 

Although the formulte are somewhat complicated, they are 
used extensively and with great advantage. 

In the case of minimal surfaces* which are characterized 
through the eq[uation 

we have Z = 0. 


This is therefore the general differential equation for minimal 
surfaces. 

91. Problem II. From a given point [a, &, c) to a given swrfaee 
F(x, y, 2 :) = 0 draw a straight line whose length is a maximum 
or a minimum. 


Write 0 = {x —a)‘^-\-(p— — cf-\-2\F(x, y, {i) 

Then the quantities y, z, X are to be determined (see § 89, [c]) 
from the following equations: 


X “ a -j- XP-^ = 0, 
f-h+XF^=0, 
z-c -|-XPg=0, 

y, «)= 0 .. 


tii) 


It follows, since F^, P^, Pg are proportional to the direction- 
cosines of the normal to the surface at the point {x, y, z), that the 
points determined through these equations are such that lines 
joining them to the point {a, I, c) stand normal to the surface. 

If P=(a:, y, z) is such a point, then to determine whether for 
this point the quantity 

{x — af+(p — {z — c)2 

is in reality a maximum or a minimum, we substitute x + u, 
y .if V, z + w instead of x, y, z m the function G. The quantities 
u, V, w are, of course, taken very small. 


^860 pap6r8 by tb© author ou this subject in the first numbers of the McttheYfictticdl 

Review. 
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We must develop the difference 

G{x + u, y + v, z + w) - G{x, y, z) (m) 

in powers of u, v, and w. 

The terms of the first dimension tlrop out. and the aggregate 
of the terms of the second dimension is 

~ijr = u^+ X(/'\jW*+ 

+ 2 F-y^wv + 2 F^^vw + 2 ( mi ) 

Since the point (x.+%, y+v, z+'w) must also li« upon the surface, 
the quantities %, v, w must satisfy the c.on<lition 

/'j'M + F^v + F^m =3 0, {v) 

where the terms of the higher dimenaions ar(! omittt(d (wut [8] of 
the present chapter). 

If we wish to determine whether the function is invariably 
positive or invariably negativtt for all systems of values (a, i\ w) 
which satisfy equation {v), we may seek the minimum or maximum 
of this function under the c.ondition that the variabhm art* limited, 
besides the equation {v), to the furthm- restrietitm (ef. (Id) of §77) 
that 

,1 — 0 . {m) 

For this purpose wo form the funt^.iion 

1) +• 2 (F^ti + F,^t + {kui) 


and writing its partial derivatives with rB8|XM,!i to ii, i\ imd #rtH|ual 
to zero, we derive the equations 


(F^^-<L^y,, + FyyyV+Fy 


jgW* + Fy »s 0, 


21 «- T ^ r 4- F^y(w + - /'j* 0 . 


FgyU + A’jjW 4- ( Fg^ ^ rn + ^ /'a ■=” h. 
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Eliminating u, v, w, - from equations (v) and (viu), we have here 

A 

exactly the same system of equations as in [12] of the preceding 

problem, except that here -—- and e' stand in the place of e and 

X 

Denote the two roots of the quadratic equation in e, which is 
the result of the above elimination, by and and the corre¬ 
sponding radii of curvature of the normal sections by and ; 
c — 1 

then, since has the same meaning as e in the previous problem, 
X 

1 e^ -l ^ 
p^~ \ ' h’ 

1 e,-! 1 

\ ' H 


where the positive direction of the normal to the surface is so 
choseix that .// > 0. 

If for the position {x, y, z) a minimum of the distance is to 
enter, then both values of the e must he positive; if a maximum, 
then and must be negative. 

It is easy to give a geometric interpretation of this result: 
Let J'jV be the positive direction of the normal and A = {a, h, c). 
Then from {ii) it follows that the length from A to P has the 
same or opposite direction as PN, according as X is negative 
or positive. 

Hence, from (ii), 


If the centers of curvature corresponding to and p.^ be denoted 
by and iWj, then 


JfjP 


\JH 
6 , 1 


AP 




M^P= 


1 


AP 


h 


M^A 

M^P 


e. 


M.A 

M^P 


Hence 


and 
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If, then, and lie on the same side of /* and if A lies be 


tween M-^ and M.^, as in Figs. 12 and 13, then the es have differen 
signs and there is neither a maxi¬ 
mum nor a mmimum. 

If and lie on the same side 
of P while A is without the inter¬ 
val ATj •• • then a minimum or 
maximum will enter according as A 
starting from one of the centers of 
curvature lies upon the same side as 
F or not (see Figs. 14 and 15). 

If the points Jfj and lie on 
different sides of P and if A is situ¬ 
ated within the interval jI/j • • • 
as in Fig. 16, then there is always 
a Tninimiim . If, however, A lies without the interval 


Ml 

A 

M, 

p 


Fkj. 

12 


P 





Fid, 

. IS 


_ 

Ma 

P 

A 


Fi«. 

, 14 


/i 


Mt 

P 


Ftih 

. 15 


. . 

P 

A 

Mr 



. m 



M 


then there is neither a maximum nor a minimum. 

In whatever manner Mi {ind .1/^ niay lie, if .-I eoineides wit 
one of these points, then one of the two vahum of r is (s[ual t 
zero, and the general remark staUsd at the (md of § H9 is upplicahl 
The above results are derived in a different manner hy (iouraa 
Oours ])'Analyse, Vol. I, p. 118. 

The case may also happen here (see § 72) that in the solutio 
of the equations {ii) and {in) a singular point of the surface i 


found at the point F, at which /'’(= 0 =- l'\. Wa <uumot pn 


ceed as above, since, there being no definite normal of the surfat 
at such a point, the determination whether for this isiint a max 
mum or minimum really exist cannot k> decideil in the mannt 
we have just given. 

The general remark of § 73 indicates how wo am to procee( 

92. Brand’s problems. The two following problems taken froi 
the theory of light were prepared by my colleague, l*rofes8( 
Louis Brand. 

Problem I. Refiection at the surface F{r, y, *) = 0. A ray passi 
from a point ^ to a point P on a given mi >face and is reflected \ 
a point F^. When is J^F+PF « minimum / 
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Write P^= and P^= so that 

di = _ xf+ {y, - 2/)2+ (0j - zf (i: = l/2). 

W^e seok to find the condition that makes d^ + d^ an extreme 
when P is subjected to the condition of lying on the surface 

[1] F{x,y,z)=0. 

Using the Lagrangian method (§ 89) wc 
must find the extremes of the function 

(f> {x, y, 2) = cfj + £^2 + \F{x, y, z). 

Writing (f)^ for etc., the 

dx 

necessary conditions for an extreme, viz., <f>^ = <f>y = = 0, give 



[ 2 ] 


Xy^— X 

.^ 

Vi-y 

d. 


d^ 
Vi-y 


■ = XP, 


dsy 






d, 




do 




Let tlie direction-cosines of the lines PiJ and FF^ be and 

4, % respectively; and let I, m, n denote the direction-cosines 

of the normal to the surface [1] at the point F. Furthermore, 
since Fy, F^ are proportional to Z, m, write 

\F^^ = H, XFy = km, \F^ = kn. 


Equations [2] then become 


[3] 


“H ^2 ~ 

m^^-f ^ 2 = km, 
+ ^2 = 


Designate the angle between FJ^ and FJ^ by (1, 2); between PiJ 
and the normal by (1, n); between Pi^ normal by {2,n). 

It is seen then that 


cos (1, 2) = -f ^^^2 + %^ 2 > 

cos (1, ti) = l^l + m^m 4* n^n, 
cos (2, n) = -h m^m + n^n. 
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Multiplying equations [3] by Ip respectively, and adding 

it follows, since = 1 > 

[ 4 ] l + cos(l, 2) = /i;cos(l, n). 

Similarly, by multiplying e(iuations [3] by respec 

tively, and adding, we get 

[ 5 ] cos (I, 2 ) + ! = ^'COB( 2 , n). 

From [4] and [5] we have 

cos (I, n)^ tH)B( 2 , n), or 

[ 6 ] {\,n)^(2,n). 

Moreover, upon multiplymg equations [3] by /, m, n^Hpccitivel) 
and adding, we get 

cos(l, n) + cos ( 2 , u)= or, from [(>], 
k = 2 cob(U '/O- 

Substituting this value of k in [4J, W(‘ have! 

1 4- coh( 1, 2)= 2 (^(h n), 

so that cos(l, 2 )= 2 coh^(1, ?!.)—> 1 = (*,oa 2 ( 1 , #)— cum 2 ( 2 , n). 

It follows that (1 , 2) = 2 (1, n) =- 2 (2, n), 

and that the lines PJJ, and the normal munt lie in the sam 
plane, and it is further seen that the normal biBcetB tlu^ angl 
between and 

We have thus anived at the condition which is an optiend law 
The incident and reflected rai/n 7fmHt lie in tt normal j)!am% an 
the angle of incidence must he equal to the angle of reflectiatL 
The above result is merely a ^meBuiry condition for an extreme 
to find whether an extreme really exiata, and if it docH, whethc 
it is a maximum or a minimum, let us choose the plane P^i*P^ a 
the ojy-plane. 

If the curve cut from the surface by the plane PiPPm ha 

the equation 

[ 7 ] 


y «/(»). 
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the problem now becomes to determine the nature of the point 

P which makes _ q where 

ax 

i|r(a:)= c?i+ <^2 = V(a;j- xf+{y^~yf+^{x^- xf+{y^- y)\ 

the y being replaced by f{x). 

Now + (a^ - a;,) + (y - y,) ^ 

dx d^ ^ ’ 

while the e(j[uation of the normal to the curve [7] at F{x, y) is 

(*-l)+( 2 /-‘^) y'p=^, 

and the distance of the point (Xi, from this normal is 


7, {!!o-«ii)+{y-y^)y'p 

' ViT^ 

Further, take the origin at the point F and the tangent 
to the surface at F lying in the plane as the aj-axis. 

— 0 shows that 


Then 


dm 


h^h^o 

di 


and as and \ have opposite signs, since F^ and lie upon 
opposite sides of the normal, 

8in(l, ^)= sin (2, ^), 

or (1, 7 i) = (2, ?^), 

as stated before in [6]. 

Note that 

d^[\+y'‘^+{jj- 2/i)y"]*i) + (y- yi)y'] 
cFS/r __ __ 

do? d^ 


n 2 




daCH- y'2+ (y - y^)y"] - j [(« - + (y- y^) v'l 


■f ■ 
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It follows that for the origin and the direction n'— 0. 


- Ihf) ■ 


Writing ^ = (1, w) = (2, m), 


we note that ^ = coa 6, 


-a = ^ = ain e. 


'^2 



so that “ 7 ^=fy 

V^i '4/ 


2 y" fus 0. 


From this it is seen that 


0 according as 


2 V/| d, 


Since 2/'=0, we note that //' in the cnirvaturt^ of cnirvc //~/(*^*) at tl 


origin, that is, y'' 
when 
[ 8 ] 


where p is the ratliuH of curvature. Henc 




> 0, and the path is n minimum; wlimi 


U l/I 


2\d, d. 


^ < 0, and the path is a maximum. 


To interpret this result geometrically it is seen that 


, + . )ct)8 0 

2\d, dj 


is the curvature of the ellipse whose foci are at /,’ ami /,] and whir 
passes throughP (see Pascal, Peprrton'wwi. dfr llSluirn Mntkemati 
Vol. II, 1, p. 246). The quantities d, and d, are its fo«il rad 
at P, and 6 is the angle between either focal radius ami the nonm 
to the ellipse at P. Note that this ellipse is tangent to the cur' 
[7], since the normal to the curve bisects the angle laitween tl 
focal radii of the ellipse and hence is also the normal to the ellips 
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When - = + the ellipse and the curve [71 have 

p 2\d^ dj 

the same curvature at JP, and the test for extremes is inconclusive. 
But here the conditions for a maximum or a minimum are obvious 
from geometrical considerations. For, remembering that d^ + 
is constant for points on the ellipse, say d-^ + d,^ = k, then d^-\-d^<k 
for points within the ellipse and for points vntkout the 

ellipse. Hence the jpath of the ray will be a maximum or a mini¬ 
mum according as the curve [7] lies within or without the ellijpse 
in the neighborhood of the jpoint F ; and it is seen that [P] and [<$] 
are but sjpecial cases of this general condition. 

Problem II. Refraction at the surface F {x, y, z) = 0. Using 
the previous notation^ it is required to find the conditions that make 

d d 

the time of passage from that 'ia, — H —-> an extreme, where 

V-^ and ^2 represent the velocity of light in the two media. 

The Lagrangian function is (§ 89) 

.#> (», 2 /, 2 ) = ^ ^ + \F{x, y, z). 

Proceeding as in the case of reflection, we find in place of 
equations [3] above 

+ ia. = H, 

I’l ^2 

From these equations we deduce that 




[ 2 ] 

[3] 


l_^cosM^jfccos(l,2i), 

Vi 

22£(k?)+l = ifccos(2, w), 
C 03 (l, n) ^ cos (2, n) _ 


[4] 
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Multiplying [2] by — and [3] by and aubtracting, we hav 


11 __/.rcos( ^ » 

1 J| ' I 'l\ 


n) cu)h(2, n>) 


substituting from [4] the value of /»’ in tins (‘(iuatinn, it in mum tha 


1 1. n) h) 




vf V. 


■rf 


I'-r 


or 

It follows that 

[5] 


sin‘’^(l, n) Hin‘-*(2, n) 


,,.a 


sin(l, 'A) Hin(2, a) 


From [2] and [4] it ia seen that 

1 ^ cos(1 , 2) n) ^ ('(is(l, /i)('nH(2, //) 

n ' 'a 

™^(1’ 'rt)c‘'a('2. «)-'c.oH^ 1, 2) 

'>’i~ ~~ ^ 'u 

Dividing this equation by [5] and then multiplying the reHult b; 
sin (2, n), we find 

sin(l, «)ain(2, w)= coMfU 'a)c.(iH(2, n) 2), 

or cos (1.2)= (^os [ (1, n) + (2. «) ], 

and therefore 


[6] (1.2) = (l,n)4-(2. »). 

so that the incident and the refracted ray lit< in a norinal plane. 
Equation [5] may be put in the form 


s_m£l ,ji) _ 
sin (2, n) ~ 




where e is the index of refraction of the second mtidiuni witl 
respect to the first medium. The above is a generalimtion of i 
problem due to Femiat. 
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The geometrical criteria for a maximum or a minimum involves 
a certain Cartesian Oval whose foci are at and and whitA 
passes through P. Its equation in bipolar coordinates is ^ 

«jcf 2 = const., IT ~ 


dj and being the variable radii vectores. For points on this'cval 
_|- 1^2 jg constant, say k; for points within this oval — + ^ < 1- 


"1 "a . 

and for points without this oval 


l + ^>7c. 


Hence the time occupied by the ray in passing from to Plis ^ 
niaxiniuiu or a minimum according as the curve cut from -Ae sur¬ 
face by the normal plane through and lies within or jyithout 
this Cartesian ()val in the neighborhood of the point P. 



CHAPTER VII 


SPECIAL CASES 

I. THE I'UACTIOAL AITEKiATlOX OK 'ITIE (’UITKHIA TIIA 
HAVE HEEN HITHERTO (HVEN AND A METHOD KOHNDE 
UPON THE THEORY OF FUNC'ITONS, WHICH OFTE 
RENDERS UNNECESSARY THESE CRITERIA 

93. The practical applicaticu cf the cHtabliHlu'd criteria i.s : 
many cases connected with very grout, if not inHiirinountab 
difficulties, which, however, cannot be (li.sregurdcd in tlie theor 
For often the solutions of the e(j[uations § H!), [c], cannot I 
effected without great labor, if at all, and Lherc.fure also the form 
tion of the fumdion ^ is im[)os.sibl(!. It also huppems, cve.n if tl 
function <j> can be formed, that the diainiasion ntgarding the c.oe,fl 
cients of Ae = 0 is attended with much difficulty. Moreover, tl 
formation of the function <p and the invi>atigation relative to tl 
coefficients of Ae are very often unmumHury, since through diias 
observation we may in many cases de.termine whether a imuximm 
or a minimum really (ixists. If it then hapjams tliat the (H[uatiot 
[r] admit of only one real solution (i.e. of a real systtun of valm 
■Ui, x ^,.. •, Xn), we may be sure that this is in reality the maximui 
or the minimum of the fumdion. In the saitie way, if wt' can coi 
vinco ourselves a ]>riori that both a maximuin and a minimui 
exist, and if it happens that the txjuations [c] offer only two rei 
systems of values, it is evident that the one system must corn 
spoud to the maximum value of the function, the othe,r systei 
to the minimum value. 

The determination os to which of the two systems of valut 
gives the one or the other is in most tjases easily determined. 

One cannot be too careful in the investigation whether on 
position which has been determined from the erjuations [ot] an 

134 
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[c] of § 89 there really is a maximum or a minimum, since there 
are cases in which one may convince himself of the existence of 
a maximum or a minimum, when in reality there is no maximum 
or minimum. 

For example, to establish Euclid’s theorem respecting parallel 
lines, one tries to prove the theorem regarding tlie sum of the 
angles of a triangle withoiit the help of the theorem of the parallel 
lines. Legendres was able, indeed, to show that this sum could not 
1)0 greater than two right angles; liowever, lie did not show that 
they could not he less than two right angles. The method of 
reasoning employed sit that time was as follows: Tf in a triangle 
tlie sum of the three angles cannot he greater than 180°, then 
there must he a triangle for which the maximum of the sum of 
these angles is really reached. Assuming this to be correct, it 
may be shown that in this triangle the sum of the angles is equal 
to 180°, and from this it may be proved that the same is true of 
all triangles. 

We see at once that a fallacy has been made. For if we apply 
the same conclusions to the sphericial triangles, in the case of 
which the sum of the angles cannot be smaller then 180°, we 
would find that in every spherical triangle the s\im of the angles 
is equal to 180°, which is not true. 

The fallaey consists in the assumption of the eitiistence of a 
maximum or a minimum; it is not always necessary that an 
uj)per or a lower limit be roaehed, even if one can come just as 
near to it as is wished (see § 8 ). 

()n this account the assumption of the existence of a real maxi¬ 
mum is not allowed without further proof. We therefore endeavor 
to give the e,mtence-pToof. For this {mi’pose we must recall 
sdveral theorems in the theory of functions.* 

94. We call the eollectivity of all systems of values which n 
variable quantities aij, * 3 , •••,;<;„ can assume the realm {GeMet) 
of these quantities, and each single system of values a position 
in this realm. If these quantities are variables without restric¬ 
tion, so that each of them can go from — 00 to -f- 00 , we call the 

•Note especially § l.ST. 
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realm considered as a whole (Gesamtgebiet) an n-ple m,uUiplicity 
{Tirfache Mannigfaltigkeit). If iCj, x^, ■ ■ ;r,. are indopondont of 

one another, then we say a definite position {a^, ofj, • • - , a„) lies 
on the interior of the realm if those positions and also all their 
neighboring positions belong to this region; it lies upon the 
boundary of the realm if in (iach neighborhood as small as we 
wish of this position there arcs present positions which belong 
to the realm, and also those that do not belong to it; it lies 
finally without the defined realm if in no ludghborhood as small 
as we wish of this position there are positions which ludong to 
the defined region. 

If the quantities x-^, .r„ are. subjotied U> m (‘.iiuations 

of condition, then wo may express these in Uirms of n ■ m. indiv 
pendent variables u-y, u^, - • -, u^-m, and the same definition may 
be applied to these variables. 

95. The following theorems are proved in the the.ory of func.- 
tions: (1)* If a continucais variable (juantity is defined in any 
manner, this quantity has an upper and a Imoer limit; that is, 
there is a definitely determined (piantity g of sue.h a kind that 
no value of the variable e,an be greater than //, although then; 
is a value of the variable which can come as near to g as wo 
wish. In the same way there is a (piito dtitermined ([mmtity k of 
such a nature that no valuer of the variable is hws than k, although 
there is a value of the variable that comes as near to k as wo wish 
(see also § 8). 

(2)t In the region of n variables asi, x,„ supiswe we 

have an infinite number of positions defined in any manner; 
let these be denoted by (x[, . - •, a;(,). Furthermore, aup[iose that 

among the positions we have sue.h imsitions that .d,, can ttome 
as near to a fixed limit as wo wish. Then w«^ havti in the 
region of the (luantities Xy, x„ always at least one definite 

position («!, ^ 2 , • • •, a„) of such a nature that among the definite 
positions {Xy, a^, • • •, x'^) there are always present iMtsitions that 

•Dint, Theoria der Functionan, p. 68. See alee a paper l)y Btolz, "B. Behano’e 
Bedeutung In der Oeschlohte dor Infinitesimal Reohnung,” Math. Ann., Vol. XVIII. 

t Biennann, TkaorU dar An. Funk., p. 81; Serrat, Calc, at int., p. 'i«. 
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lie as near this position as we wish; so that, therefore, if S denotes 
a quantity arbitrarily small, 


(X = l, 2,...,71.). 


position lies either within or upon the boundary of the 
defined region {x[, 4 ,.. x!^y 

96. This presupposed, let us consider a continuous function 
i^(Xi, • • •, Xn), and let the realm of the quantities 
be a limited one, so that, therefore, we have systems of values 
which do not belong to it. If for every possible system of values 
(^ 1 ? ^n) we associate the corresponding value of the 

function, which may be denoted by then we have defined 
certain positions in the region of n-\-l quantities. For the 


quantity there is according to the first 
theorem an upper limit ; consequently, 
owing to the second theorem there must be 
within the interior or upon the limits of the 
defined region a position 
of such a nature that in the neighborhood of 
this position there certainly exist positions 
which belong to the region in question. 


The case of a maximum 



0 Xi a 
fM </(«) 
Eig. 20 


Now if it can be shown that this position hes within the interior 


of the region, then there is in reality a maximum of the function 


on the position on the con¬ 

trary, if the position lies on the boundary, 
we cannot come to a conclusion regarding 
the existence of a maximum of the func¬ 
tion 

It may in many cases happen that one 
can show, if x^, •. •, x^ is any position 
on the boundary of the realm and if 


The case of a minimum 



O a Xi 

f(xj)>f(a)<fM 
Fig. 21 


denotes the corresponding value of the function, that there are 
present within the realm positions for which the values of the 
function are greater than for every position on the boundary. Then 
the position which we are considering here cannot lie upon the 
boundary, and it is clear that the limiting value of the function 
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can be assumed for a definite position within the interior, since 
the function varies in a continuous manner. The analogue is, of 
course, true for a minimum. If, howevcT, 
it does not admit of proof that there, art- 
positions on the interior of the dofimsd 
realm for which the value of the fuiu-.tion 
is gi-eater or smaller than it is for all 
positions on the boundary, then nothing 
can be concluded regarding tin- real exi.sl- 
ence of a maximum or a minimum; the 
position (aj, a^, • ■ •, «„) would then lie 
on the boundary of the region, and tluu-e might In-, an asymptotic 
approach to the limiting value <i „,, without this value's being in 
reality reached. kSuch cases need t-speciul atti-ntiou. 

The figures give a plain picture of what 
has been said for the case y —/{w), where ./■ 
is limited to the interval (jJj • • • u- ■ • • 

97. Analogous considerations of the 
above are fundamental in the. very defi¬ 
nition of an analytic function. For con¬ 
sider a power-series of asswnm! or yiirii ^ “■'> * “'* 

in my manner; let x' he a definite ralue m-..no.•/(.-,i 

of X. Then there, are, three, •possihilities: tm. a.*! 

(1) x! ma.y lie in the reyion of eonveri/enee of the yiren series 
or of a series that is derived (§ i;iH)/nrwt the yiren series ; the ralue 
for x = x' of this series is a value of the anatytic. function irfrieh 
is determined through the, original series. In other mirds, if irilh 
Weierstrass we call the original series as well as ani/ other series 
derived from this ow. with regard to the function which it repre¬ 
sents a function-element (Functionenelement), then the first possi- 
bility consists in that, if any function-element is gitrn, the definite 
value od lies in the region, of convergence of a funetion-eleineMl 
which is derived from the given one. We admit here also the. 
complex variable. 

(2) It may happen that x' does not lie. in the region of con¬ 
vergence of any series that has been derived in this manner and 



rtdc qf ntympUitic npjmtach 



1 
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that we cannot derive from the original function-element another 
function-element whose region of convergence can come as near to 
the point x' as we wish. In this case the function does not exist 
for X = x\ 

(3) JLlthough wc ca.wifiot find cl power-series within which x' lies, 
7ievertheless, it sometimes happens that we may still derive elements 
whose regions of (miverge'nce contain positions which can come as 
near to the point J as we wish. Whether we can then define the 
function for = wJ by the consideration of boundary conditions 
must in ea(‘/li (‘-ase be considered for itself. 

If we have cuise (1) before us, then the function is defined 
not only for every value x'' but also for all values in the neigh¬ 
borhood of x! and has for these values the character of an integral 
function. 

The definition of an analytic function as thus given is prefer¬ 
able to otluu* definitions from the fact that the existence of 
general analytic, functions is at once recognized; in short, that 
we have under our control, in our possession, all possible analytic 
functions. l>ery possible power-series within a region of con¬ 
vergence gives ris(^ to the existence of a definite analytic function. 
Moreover, otu^. must assume the duty of proving in the case of 
every example, that it leads to just such functions. 

For this reason investigations are necessary of which formerly 
we find no tracer. If we have a differential equation, we must 
begin with the proof that the functions which satisfy the differ¬ 
ential ecfuation arise from such function-elements as we have just 
explained; that is, wes must first show, if y is the unknown func¬ 
tion and X is thc^ variable of the differential equation, that this 
e(|uation can be satisfied through y = ,/^(x—a). Eeciprocally, if 
any variable ((uantity ;// is so connected with another variable 
([uantity x that it satisfies the differential equation, we must 
show that it may bo derived from one single function-element in 
the manner indicated. This last proof is of especial importance 
in the application of analysis to geometrical mechanics. 

When a problem is given in mechanics, we have to represent 
the coordinates of the moving point as functions of the time. 
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Only real values are permitted in tliis problem. We cannot 
therefore a priori know whether the re((uired functions are 
analytic or not. 

These functions are generally defined through dillere.ntial ecpia- 
tions. We shall give the simplest case, as an (‘.xanijihi. Suppose 
we have a system of points that attract one another according 
to an analytic law, and let .r,, ,r„ he tlie <s)<)rdinatc..s of 

these points. If the motion is a free one, w(>. have the ilin'c.rential 
equation in the form 


where F denotes a given func.tion iif .c.^,. . With such 

a problem, we have to prove ladore (werything cl.se Unit thi*. 
required functions of time are analytic function.s. If for the 
point t = the initial position and the initial velocity arc. given, 
then in the neighborhood of tlui initial po.sition \vc. can lind 
power-series, and wo have to show that through thc.s(‘ p(»\ver- 
series the required functions arc. completely dcti'nnincd. 

II. EXAMPLES OF IMPROPER EXTREMES WHERE THE DIF 

FEREN'CBF(«i + ^."j + /'a'---. ««+/'„)- 'L."») XEITHER 

POSITIVE NOR NEGATIVE BET ZERO ON 'I'lIE POSITION 
(«„«a.«„) WHICH IS TO BE INVESTIGATED 

98 . We shall now consider a case which is not iiidudcd in the 
previous investigations, but may he in a (S'.rtain meiisun'. rcduciul 
to them: The definition of the pr<qM‘.r extremes of a func.tion 
consists in the fact that the difbiremu* 

F{a^ + \, • • ., «„-f A,,) ~ /■'(o,. ffa.. . (i) 

must be invariably negative or invariably piwitive. There an? eaHcs 
where an extreme does not appear on the position (Uj, Oy, ■ • •, «„) 
in the sense that the above difference must be positive or nega¬ 
tive, but in the sense that the difference must las zero. 

Suppose, for example, we have the problem: Dcstermine a 
polygon of n sides with a given constant perimeter <S' whose area 
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is a maximum, — a problem wbich we shall later discuss more 
fully (see § 101). 

If this maximum is attained for a definite polygon, then we 
may at pleasure change the system of coordinates by sliding the 
polygon in the plane without altering th6 area. 

For example, let «, = 3, and (jc^, yj, (x^, and {x^, be the 
coordinates of the vertices of the triangle. Then the expression 
which is to bo a maximum is 

ii ^Vz), 

where the variables are subjected to the condition 

B = n/(x' 2 ~ +(yj - y^f+^{Xs- x^f + {y^ - yJa 

There will not only be one system of values which gives for 
F a maximum value, but an infinite number of such positions; 
since, if wo take the triangle iir a definite position, we may move 
it in its plane at pleasure. This is therefore a case where the 
difference (i) is not positive or negative but zero. 

99 . Sucli cases, however, may be reduced to maxima and 
minima proper if we choose arbitrarily some of the variable 
quantities. In the special example of the preceding section we 
may assume a vertex of the triangle at pleasure; let it be the 
origin of coordinates, and wo further assume that one of the 
sides coincides with the positive direction of the X-axis, so 
that we may write Tj s= yj = y^ = 0. If we agree that the triangle 
is to lie alKtve or below the A'-axis, the problem is completely 
determinate. 

In so far Jis the necsossary conditions for the existence of an 
extreme are concerned we may proceed in precisely the same 
manner as wo have hitherto done, since under the assumption 
that there are no equations of condition we have 

i^(a|-j- A-j, A^^)™ X(aij, tt2> * * *> 

lewtn 

= X ®s> •' •> ®»)+(^i> K--‘> (**) 

a«l 


i 
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If a miaimum is to be present, then this difference can never be 
negative, but may be zero. For this to be possible the first deriv- 

oc = n 

atives must all vanish. Since, if the sum 

a = l 

had (say) a positive value for \ = Op ^ 2 = ^ 2 , • • then we 

could place equal to cji and then choose h so small that the 
sign of the right-hand side of (ii) would depend only upon the 
of the first term. If we then make h positive or negative 
the difference would also be positive or negative. 

If equations of condition are present, it may be shown, as 
above, that the derivatives of the first order must vanish, since, 
if all these derivatives did not vanish, we might express some 
of the h's through the remaining ones, and then proceed as we 
have just done. The required systems of values (Xp x^, • • •, x.^^) 
will therefore be determined from the same equations as before. 

100. If we have foimd a system of values of the x^s which 
satisfy the equations of condition of the problem, then in the 
neighborhood of this position there will be an infinite number 
of other positions which satisfy the equations. These last are 
characterized by the condition that the difference (i) vanishes 
identically for them. 

This is just the condition that made impossible the former 
criteria, by means of which we could decide whether an extreme 
really entered on a position [ap a^, • • •, a^) that was determined 
through the equations in 

One must therefore seek in another manner to convince him¬ 
self which case is the one in question. 

This is further discussed in the following problem: 

101. Problem. Among all polygons which have a given nnmher 
of sides and a given perimeter, find the one which contains the 
greatest surface-area. (Zenodorus.) 

We see at once that the problem proposed here is of a some- 
what^different nature from the problems of §§ 90 and 91, since 
the existence of the maximum value of the function is no longer 
the question, as was proposed in § 49 and held as fixed through¬ 
out the general discussions. For if the definition of the maximum 
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is such that the function on the position (a^, • • *, a„) must have 

a greater value on this position than on all neighboring positions, 
then in this sense our polygon could certainly not have a maximum 
area; since, if we had such a polygon on any position, we might 
slide the polygon at pleasure without changing its shape and con- 
socpiently its area. Therefore only a maximum of the area can 
enter, in the sense that the periphery remaining the same an in¬ 
crease in tlu) area of the surface cannot enter for an indefinitely 
.small sliding of the ond-point.s. Wo consequently cannot apply 
our general theory without further restriction. 

102. Ixit the eoiirdinates of the n end-points taken in a definite 

Vx ; ''‘s. 2/2; • • •; Vn- 

Tlio double area o£ a triangle which has the origin as one of its 
vertices and the c*.obrdinatc‘.s of the other two vertices and 

rr.jj, is, neglecting the sign, deterinined through the expression 

To determines tlu^ sign of this expression we suppose that the 
fundauKUital system of (‘.oiirdinatcs is brought through turning 
about its origin into Bucb a i)OBiti()n that the positive X-axis coin- 
mlm with the h^.ngth 01. We call that side of the line 01 joosi- 
tive on whicdi lies the positive direction of the 1-axis : The double 
area of the triangle 012 is to be counted positive or negative 
acu'.ording as it lies on tins positive or negative side of the line 01. 

If the point 0 has the coordinates the double area of 

the triangle is 

2 (“^'1 ” •'*'‘0) (^2 ^o) (2/1 yo) ("*'*2 

where the above criU‘.riou with reference to the sign is to be applied. 

For the polygon we shall take a definite consecutive arrange¬ 
ment of tlu‘. points (1, 2, • • •, ti.) and, besides, we shall assume that 
no two of the sides cross each other. The last hypothesis is 
justifiable, since we may easily convince ourselves that if two 
sides cut each other we may at once construct a polygon whose 
aides do pot cut one another and which, having the same perim¬ 
eter as the first jiolygon, incloses a greater area. 
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Within the polygon take a point 0 = and draw from it 

in any direction a straight line to infinity. This straight line 
always cuts an odd number of sides of th(‘, pol3'gon. 

Now if we follow the periphery of tlu‘. p<dygon in the fixed 
direction (1, 2, • • •, n) and mark the int(‘.rmM*tion of a side by the 
straight line with + 1 or — 1, acu'.ording as wt‘. pass from tlu‘, nega¬ 
tive to the positive aide of that line or vit*.e van’sa, tluni the sum of 
these marks is either -H 1 or ““ L In the first (*ast‘ wa* say that the 
polygon has been described in tlu*< positive* 
direction, in the second case in the luga- 
tive direction. 

It may be proved^ that wbatcuau’ point 
be taken as the point 0 within the poly¬ 
gon and in whatever direction the straight 
line be drawn, wo always have the Hanu*s 
characteristic number 4” 1 or I if in i*at*h ease the positive 
side of the straight line has been correcdly thdentiined. 

103 , The double area of the polygon is 



2 F— (x^ — x^) (^2—^o) — (^'2 ~ ‘A)) (y i "" ¥{)) “b (*^ a ” (//n ” 

or 2 (a) 


■where the positive or negative sign is to Iks Laktei aeconiing as tins 
polygon has been descrihod in the positivHi or negative direction. 
We may, however, eventually bring it about through nn’erting 
the order of the sequence of the end-jKiintH that the (‘.xprewsion 
2 is always positive. 

104 . Suppose that this has been done. Tlu' ftuution 2 F is to 
be made a maximum under the uoudition that the jn^riphery 
has a definite value aS’. 

We may write 

*l,2 + «2,8-+* • • • 

• The proof Is found In Cremona, EkmtrOl di gmnuftHa pn^ftlvn. Rottic. 
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Form the function 

= 2 F+ « (§1, 2 4- S 2 , 8 4" ■ ■ • + V 1 ~ 

and placing its partial derivatives equal to 0, we have 


?A+i-yA-i+« 


I — ^A-1 


= --, I + 4 - e {^—0 

\ ®\ + l, A ^\-l. \ / 

(X = 1, 2, ■ • ; however, for X = « we must write X +1 = 1). 

Take in addition the equation (yS) and we have 2 w +1 equations 
for the determination of the 2 « +1 unknown quantities 
;/q, y^j * * ■) y^j 

105. To roach in the simplest manner the desired result 
from these eciuations, we adopt the following mode of procedure. 

If we write .,=K-a;A-i)4-t{yx-yA-i). . (0 

then Zx) goojnotrically interpreted, represents the length from the 
point X ~ 1 to the point X both in value and in direction. 

If, further, we write 

4=(oJx - aJx - 1 ) - »(2/x - yx - 1 ). (’?) 

then 2 x-4=Sx-i,x- (^) 

Multiply the first of ociuations (e) by i and subtract from the result 
the second; then owing to (?) we have 

*.+%«+-( 7 ^- 7 ^)“ «■ 

%A+1/ 




25' I- 


^A-l,A 


■4+l(l+‘ 


Now, multiplying the last two equations together, we have from (0) 

«?-i.x(l + ^)=<x+i(l+^)’ 


«J_l,X=®ix+l- 


and therefore 
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106. Since is an essentially positive quantity, it follows 

tllS't -1, X = •'‘A, A H, ( k ) 

and consequently the sides of the polygon an*, all equal to one 
another. Hence each side==“- and we have from (i) 

71 


If we write 


H 


(luh +■ iV 


Sa 


* » 
n 


- (U)UHt. 


where angle whi(‘-h mak(»H with the A-axin, 

then n 0 a) ^ ~ (*()UBt., 

or (X) 

that is, all the anglers of the polygon are ecinnl to one another, 
and consequently the polygon is a n^gular om*. 

It is thus shown that the conditionH wl\ieh mv had from the 
vanishing of the first dorivativ(*.8 f*4in he Hatislied only by a rt'gular 
polygon; that is, if there is a polygon whiidi, with a givtai pe.rim- 
eter and a prescribed number of sitles, has a gnmtt^st ar(‘4i, this 
polygon is necessarily regular. 

Our deductions, however, have in nt» maniuu- riwi*.ahul that a 
maximum really exists. 

107. To establish the axiHtene.e of a maximum we nnist apply 
the method given in §§ 93” 9(). We noU^ that an uppta’ limit 
exists for the area of the polygon, from the fac‘t that the number 
of sides and the perimeter are given; for if we conHidio* a scpiare 
whose sides are greater than the given perinu*itu‘ *V, we e.au lay 
each polygon with the perimeter S in this stiuari% and in Hueh 
a way that the end-points of tlie polygon do not fall upon the 
sides of the scpiare.. Ileiu^e the area of the polygon cannot he 
greater than that of the square, and (amHecjuently theu’e must he 
an upper limit for this area, which may b(^ denoted liy 
question is, Can this limit in reality be reaclmd for a definite 
system of values? The variables y^^ being 

limited to this square, there must be (§ 9G) among the |K)sitions 
(a?p y^- a?2, ‘ '5 Vn) which fill out the stjuare a position 
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(®i> \\ ^ 2 j ■ ■ ■ > ^m) of such a nature that in eyery 

neighborhood of this position other positions exist for which the 
corresponding surface area F of the polygon formed from them 
comes as near as we wish to the upper limit. We may assume 
that this position is within the square, since if it hes by chance 
on the l)aundury, then from what has been said above, it is 
admisKsible to slide the corresponding polygon without altering 
its shape and area into the interior of the square. 

Wc assert that the value of the function F for the position 
(rtj, \kj.; • • •; d,,, /^,) must necessarily be equal to Ff^. For 
if this was not the ense, the inequality must also remain if we 
subject the points a^, /q; a^, fq; a„, h,^ to an indefinitely 
small variation; and on ae,count of the continuity of F it would 
not be possible in the arbitrary neighborhood of {a^ \ \ 
to give positions for which the corresponding area comes arbitrarily 
near the upi)er limit F^. This, however, contradicts the conclu¬ 
sions pnwiously made. Hence all n corners with a given periph¬ 
ery not only approach a definite limit with respect to their 
inclosed area but this limit is in reality reached. Since, furthermore, 
the necessary conditions for the existence of a maximum have 
given the regular polygon of n sides as the only solution, and 
since wo have seen a maximum really exists, we may with all 
rigor mahe the tsonclusion: That polygon which, with a given 
‘periphery wnd a given nicinber of sides, contains the greatest area 
is the. regular polygon. 

PROBLEM 

Among tlir regular polygons with a constant periphery, the one with 
tlu' greatest uumher of angles has the greatest area. (Zenodorus.) 


108. Hadamard’s problem. If = y^, y.^, z^), 

A^ = {x^, yg, Zg) are the rectangular coordinates of any three points 
from a fixed origin (>, the volume formed on the three lines OAj, 


OAj, OAg is 


A= JBj, ya, 


h 
*2 j 
% 



and if 
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where d^ are positive coiistauis, it may he (uisilj; sliown 

that A is a maximum when A=: ; or, of all paTallclQ- 

pipedons constructed 07i the three sides ^,h^> 

having the greatest volume is the rceJangular parallelopipcdon. As 
the parallelopipcdon may occupy an iniiuiU^ muuhi‘r of positions 
without changing the origin, wi^ have, luuv a cawo of improper 
maximum which is of interest. 

The extension of this problem is due t(> Iludamard.* 






•'*1 ,l 




. . 

•' 2 ,, 




• • % 



•where + ra;| + • • • + ^ a), the d\s being 

positive constmitSy shov) that the nuLvinnim tf the atisolate value 

of Mu K==d^-d.^ . d„. 

This may be done as follows: 

Let the determinant he developcal with n»spi*ct to the cdiumaits 
of the Ah line, so that 

A.::- 1 4 -... 4.(/) 


We then have to hud the maximum or tlu' minimum of the fum*- 
tion A of the n variables .r|„ wliich am (connected 

by the relation 


,/fj4 + 


J- :■ ■ 

”r -f, ,1" 


<rf. 


(i.i) 


The Lagrange metliod (§ 89) leads at on«a* to the camditions 


If • • •> •%«. elements (d another line of the 

determinant, we have 

+ • • • + 0 ; {iv) 

or, from (A), +. h, (v) 

where i k. 


* Hadamard {Bull dm BWmwm Mathimatiqum, BwMirul Vol XVII, imW), 

Proof by Wirtlupfer (ibid., An intnrnHting apldic'fition of this problem in found 

in BAcher, Intmh(^tlm to the Btiidif 0/ Intt^grol KqmaUmn, pp. :n ot mp 
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From this we conclude that the determinant can only have an 
extreme value uihen it is orthogonal. 

When the conditions (v) exist, the square of the determinant 
is another determinant, in which all the elements are zero except 
those of the principal diagonal, which are eff, c?|, • • dl. 

It follows that 

IIcM’C again w(‘- have an improper extreme which it is interesting 
to (‘.onsider further. 


HI. (^ASES IN^WHHUI THE SUBSIDIARY COI^DTTTOKS ARE 

NO'r TO BE re(;ardei) as equations but as limitations 


109. Bevsides thc‘- ])roblems already mentioned, those problems 
are i)arti(ada,i’ly des(‘.rving of noti(‘,e in wlii(‘h the conditions for 
the variahh‘.H a.n‘. not given in the form of e(][uations but as 
restrictions or limitations. 

For (‘.xampU^., IcT a point in space and a function which depends 
upon tlu^, (Midrdinates of this ])oint l)e given. Furthermore, let the 
point be so n^stricTcd that it always remains within the interior of 
an ellipsoid; th(‘.n the restriction made \xpon the point is expressed 
through tlu‘. in(‘.(|uality .2 -2 

0- •3 + 'f,+"5<l. 
r/.- vA 


We Inivcs ac.(*.ordingly, su(‘.h limitations when a function of the 
variabh\M is given whi(‘h cannot ex(;eed a certain upper and a 
(‘crtain low(‘r limit. 

We mak(‘ siuti a r(‘striction when we assume that a function 
J\ shall always li(‘. bidAVcen fixed limits a and b, 

110. Tills limitation, which consists of two inecpialities 
\a\ 

may be easily rediuHMl to one. 

For from [(x] it follows necessarily that 

and, reciprocally, if f/S] exists and if a <h, then /j must be 
situat('(l ladwccn a and h and consequently [«] must he true. 
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Every limitation of the kind given may be analytically repre¬ 
sented as one single inequality of the form [/3]. 

111. We must next hnd the algorithm for the cases under 
consideration. This may be done at ()nt*e if we consider that 
such cases may be reduced to those in whic'h ocumr (uiuations of 
condition. For this puri)ose we need only (‘slablish tlu^. problem 
of finding the maximal or minimal valiums of a fimeXion whose 
variables are subjected to c‘.ertain conditions us follows: 

It is required (vnion.ij nil si/stevis of rahtes irliie/i. satis/i/ the 
equatio7is to find those for lohick F is a 

maxminmi or a fndnwhvm. 

By proposing the problem in tins manncu, it is clear that all 
the variables x which a])pear in the e(|uations of condition need 
not necessarily be contained in the function. 

Suppose further wo have the limitation that 

M A>o, 

then, through the introdiKiion of a new variabU* + we may 
transform this limitation into an (Hjuation of condition. For, us 
we have to do with oiily real values of the variables, tlu‘ i‘(|uation 

denotes exactly the same thing as [ 7 ). 

If, therefore, a function F(j\, x,,) is to b(‘ a maximum 

or minimum under the limitations 

=»= 0,/, = 0,..y;, = 0 ,, > 0 ,y;,,.> o.... o, 

whore the/'s are functions of x,^, x^^, tlum we may solve 

this problem if instead of the r last restriciions we introdu(‘e the 
following limitations: 

Ai 4 1 ~ f n f 2 } 2 » * * ** Jm f r f* r* 

The problem is thus reduced to the one of finding among the 
systems of variables those systems for which 

is a maximum or a minimum. 

112 . Examples of this character o(».cmr very frequently in 
mechanics. As an example consider a ptmhdmti lohixh consists 
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of a, Jlexible thread that cannot he stretched. The condition under 
which the motion takes place is not that the material point remains 
at a constant distance from the origin, but that the distance can¬ 
not be greater than the length of the thread. Such problems are 
more closely c.onsidered in the sequel. It will be seen that by 
means of Gauss's principle all 'proUcms of mechanics may he reduced 
to problems of maxima and minima. 


IV. (JAUSS’S PRINCIPLE 


113. For the sake of what follows we shall give a short ac¬ 
count of this principle: Consider the motion of a system of points 
whose masses are • • •, m,„,. Let the motions of the points 

be limited or rt^.stricled in any manner, and suppose that the system 
moves under the inllueiuse of forces that act continuously. For a 
deiiniU^. time let the i)ositions of the points and the components 
of velocity both in direc^.tion and magnitude be determined. The 
manmu* in whi(‘h the motion takes place from this period on is 
determined through (Jauss's ])rinciplc: 

li^t • ' •, A„ be the positions of the points at the moment 

first e-onsideretl; /q, /C positions which the points 

(mn takt‘. afit^r the lapse* of an indefinitely small time r, if the 
motiotis of tlu*.se points are free; (Ip - • •, 0^^ the positions in 
whicli tlu‘.Be points really are after the lapse of the same time r; 
and, finally, l(‘t • • •, (J^ be the positions which the points 

may also jHKsmbly hav(*, assumed after the time r, when the 
conditions are fulfilled. 


If we form 


2 



it follows from (kuss's principle that from t = 0 up to a definite 
value of T th(^ comlition 
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114. To make rigorous deductions from (lauss’s principle, which 
was briefly sketched in the preceding aection, vv(>. sliall give a more 
analytic formulation of it: For tins purpose we dwiote, the cohrdi- 
iiates of by u\., //„, z,„ the components of tlu» vcdocity of by 
xl, yl, z,',, and the components of the force acting ujxm by 

a;, K, Cioiirdinates of A,, are therefore 

+ rxl + A',„ y„ + t//.! + r,. f rz'. + Z ,.; 


and from Taylor’s theorem tlie. codrdinaU's of are 




„ 


avH-Ta;„ + • • •, ;//,,+ Ty,,4- + ■ • •. -i,.-t-Tr,, +• i,, 4 - .. .. 

conse(iuently w(( liavo 

[2J ^ d-. 

Instead of however (see Hin*Uon), otlun* valuon may 

possibly enter, sjiy - • •, so that we have 


[3] 

1 


+ (//•* + ” ^*1')*“^ + (n* +'■ c 




r* 


■f 


It follows from (lauBs’s principle that ilit^ difT«»renc'e of the huiuh 
[ 2] ami [3] must always Ih3 p(mitive. 

Hence 

[4] 0 j2 [U4' - F.,) + CC." - ^..) I 

+ fi? + +-...; 

that is, the quantities xl\ yl\ must b« such that thi^ sum [2] 
is a uiinimunL 

Hence, among all the ;x'l\ yl\ z^f which tiro imstHiiiictl with 
the conditions of motion, we mufit seek tlicwe whicii make [2] 
a minimum. 

115. We have reached our proposed object if we can sliow 
that the ordinary equations of rawhanies may Imi tlarived from 
Gauss’s principle. 
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If there are no eciuations of coiulitiou present, then clearly [2] 
is only a iniuimuin when 

r" ™ V ■h” — y ■y" — y 

If, however, we hav(‘. (Miuatioius of cx)iulition, for example, if any 
of the va,ria,hlc\s a.rt‘. eotuuu‘Xed l)y a relation such as /(a;, y, z)= 0, 
then thes(‘. imist hold true throughout the whole motion. They 
may thcrefon^. 1 k‘ diirerentiated. We have in this way equations 

in and ^,7- Dihereutiate again and we have equations 

jf (// (if 

and zH, 


in av , y,, , anti . 

llentun in conforniity with the niles that have been hitherto 
found for the theory of maxima and minima, the quantities 

detmauined that the derived equations 
of (xmdition art*, satislitnl, while at the same time [2] becomes a 
minitnum. But in this case also, as is easily shown, we are led 
to tlu^ usual dilTerential e(|uations of mechanics. 

116. The theory of maxima and minima may be applied 
to realms which art's stuaningly distant from it. An example 
in tiuestion is the proof of a very important theorem in the 
theory of functionH. 


The IlKVEEHioN OK Series 

If file. faHowUuj ti eyiiatiom exisi amxmj the variables 

.r^, • * *, //j, //.j, • • //„» 


!h 

“ + ■ • 

■ 4- 

!h = 


• +f'’-2,A + X2> 

.'/» 




where the (veJfleiefUH <m (he right-hand side are given finite quan¬ 
tities atul (hr powBr-serieB in the ids of suck a nature 

that each single term is higher than the first dimension, and 
if the series on> the right-hand- side are convergent and the 
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determinant of the nth order of the. linear functions of the 
x’s which appear in [1], namely, 

^*^’ 21 ’ ^^'22 » * ‘ *1 

It I » 2 ’ * * * ’ ^^>*>1 

■Ih different fro^n zero, then, reeiproeallif, the ^nutp (tho he 
expressed through convergent series of the n gnaniiltes // lohich 
identically satisfy the equations [ 11 . 

117. As an algorithm for iho. ivpreseutaiityu (»f ilw for 

tho r«’s, wc make use of the following metluHlH ((‘f. §§ 1:15, Kid): 

If wo solve tho taiuations [1] liiumrly hy bringing tho terms of 
the higher powers of tho .r’s on tho lofUnnul 8idt% we have 

'H=^(j.-x.)+- Xj <- ■ ■ • + O'. 'X.). 



'0'.-X.)+ 


where denotes tho corresponding first-ininur of in [2]. 
It ia seen that in general 


2-T(^.-X.)-2 


where ‘^' 2 ^ * • ilemites terms of the maamd and higlier 

dimensions in .rp x.j, * • x,^. 

We shall therefore have a first approximaticai tin* result if 
we consider only the terms on the rightrhand side of [:i| which 
are of the first dimension. A second approximation is reached 
if we substitute in the right-hand sitlo of [ll] the first approxima¬ 
tions already found and reduce everything to terms of tlie second 
dimension inclusive. Continuing with the second approximationH 
that have been found, substitute them in f.1| and, neglecting all 
terms above the third dimensions, wa have the tliircl approxi¬ 
mation, etc.; we may thus derive the j'n t(» any degree of 
exactness required. 


1 
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Since ./ is found in all the denominators, the development 
(!ouvi‘,rges the more rapidly the greater A is. 

118 . In what follows we shall assume that the quantities on 
the right-hand aide of [1] are all real and that we may write 

~ ^44+ • • • (X = 1, 2, • •m), 


wluu’ct //;,£ ia a, homogeneoua function of the ith degree in Xj, 
and (■.onac(mently hy Euler’s theorem for homogeneous 


X, 


j;, 4 . 


2 * 


A2 , 1 . ^//a2 


o *^‘2 






I »// 

. j> .. ...J, 

4 ^ M 


A4 4_ j 




, 1 ^-^42 

, + ir 


dlf. 


4 '^ ^^ dx, 


A4 


X A " *''l X A !•+“ *^‘2 Xa2”^ * * • + Xa./ 


whom tho ([uantilio.s (X = 2, • • ; /i= 1, 2, - • *, 7^) are 

o-onlimitniH fuiuiioiiH of tlie .r’n, which become indefinitely small 
with th(‘. .c'h. 

Tho HyHtom of (M|uaiionH [1] may then be brought to the form 

1 1 «1 //a ]^(«a^ +Xa4 

^ I 

The th(‘orom of § IIB in this modified form may be expressed 
as follow's: 

(1) It is (flimi/H pomihle ho to fix for the variaUes 
amd //j, //.^, . - //,„ limits r/j, r/^, • • //„ K ‘ 

ere/n/ Hi/strm of the fs for which I^aI^^^^a there exists^ one 
Hiistem of the x's for tohich |‘’fA|^f/A» ^ '^^1/ that 

the equations ( Wf] arc satisfied. 


* 8fl« Biamuiim, Theo, der An., Funk., p. 2144, and also Stolz, p. 172. 
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(2) The solution of the eqriations [1«J has a. form similar to 
the equations [In] themselves, viz.: 

[3n] + Y J (X 1, 2,. . «)■ 

wh,m> the are cimtiniiovs /anvMon^ of the //’,s\ irhirh become 
indefinitely small with these (/naiUities. 

To prove this theorem we iiiake \m\ of tlu‘. theory of maxima 
and minima. 

119. If we give to the y^ the vahie ze.ro, tlu‘ (Ujuations (lr^| 
can only he satisfied if their d(‘Xertninaut vanislu^s, that is, when 

[4] +XJ = 0 (X = 1, 2...■«.; fi 1. 2, ■ - n), 

except for the case whore tlui .r’s vanislu 

For sufficiently small values of the Fs t!u‘. ch^itunninant [4] is 
not very different from the determinant [2]. W(‘ may tluu’efore 

determine limits // for the .Fs so Unit [4] (*4umot 1 h‘ zmai unless 
[2] is also zero. 4 = 0 is, however^ hy hypotIu‘sis exeliided. 
Accordingly the y's can only he zero in [h/] wlien all th(‘, .rs 
vanish, provided the ;Fs are cumfined ’unthin fixcnl limits. These 
limits may he regarded as the boinidaries of a dt*finite realm. 

120. Again, we write 

[5] »=SK+X J ■■■- - 

(X= 1, 2,.-.,'a), 
and consider the function 

[6] * * *» 

In S we shall write for tlu», ids all the Hy«t 4 *mH <}f values where*, 
at least one x lies on the boundary of thc^ realm in queHtion. 
The realm of the x'b is thus the totality (»r the wn for whicdi 

is zero only wlieu h 

(X = l, 2, • • •, n; fM- 1, 2, • • % n); 

it follows then that [4] is not z(»ro, sim^.a is hy hypothesis 
different from zero. 
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When oiu'. of the .('’k reaches its liiriit, there is no system of 
values of the .r’s for whieli tlie function [6] vanishes, since the 
Eun<‘.tion can (as follows from (le.linition [5] of the and the con¬ 
siderations ol § 1 Id) only vanish if all the y’s and consequently 
all the .r’s vanish. 

Tlu'.rt*. is then a, lower limit f/ which is different from zero 
for tlu' values of | ri| which c.orrespond to a definite system of 
vahuss . 1 -.^, • • •, .!■„) of the. houndaries. 

121. We. <'om(‘. lu'xt to the (Udc'rmiuation of the limiting values 
of tlu‘. //'s. h'or this purpose' w('. consider the expression 

[7] ^ ''V yxf- 

A I 


If WO uHorilH^ (U^IhuU‘ vu1iu‘.h to the y/s, then there is for the values 
[7j in tlu* realm of tlu*. *rs a synUnu for which [7] is a minimum. 

W(^ winh to show that this system of values of the ic’s does 
not lic‘ upon tlu* houiulary of the realm. We prove this by show- 
in^r that tlunn*. is a point iriihin the realm where the expression 
[7| has a smalltn* value. Uum it has on the boundary. 

Tlu^ expriwion |7| may he written 


. 


Hincti Va' is at all events greiihu' than and consequently 


it folh>ws that 


t* .I i 


1 < Va' 


when' the //'s are (lie limits of the »/’s. From this it results that 
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The limits must bo so chosmi that the riffht-hand side of 
[8] is positive. This choicx' can bo made' so tluit tho ('xproasiou 
01 ^ the right-hand side for a aysto.in of .r’s which ludong.s to tiio 
Imundary does not Iwcomo arbitrarily sniall but always nanains 
greater than a certain lower limit (siu' the preceding stadion). 

The expression, however, on tlie inl(a-ior of (lie l•(‘alIn of the 
a;’s may bo arbitrarily small, vi/,., when .e, ; 0. 

For this aystom of values the. left-hand side of |H| is ecpial to 

M H 


We have therefore found the followin^^ renuli: HV ran (jire 
limits g to the variablen x, ami to the //\- the limits h, in Hiich 
a way that the expression (7| for systems of rallies of the xs 
which belong to the hoimdary of the realm is aiieays greater than 
it is for the zero position ™ x,^ • • * . 0). 

Hence the position far which the expression |7| is a ininwemn 
must necessarily lie within the realm of the xs ; anti nr may he 
certain that within the realm of the x\h there is a position where 
[7] has its smallest value, 

122. In order to find the minimal poHitiuii of [7| wltieli waft 
shown to exist in the pnwiouH 8tu*tion we mnst dillVnmtiate tlie 
function [7] and put the first jmrtial derivatives ecfual fo 0. 

This gives 






These n equations eau, in eust^ tlu^ dt^UnaniniuU 


[10] l.•g.....a) 

OX^ 

is different from zero, exist only if tlm ejuantities witliin the 
brackets vanish. 

[10] is identical with the determinant (4j; imcl (see § 119) 
it may be always brought about through suitable eluacai c»f lh(» 
limits g of the x’s that [4] is different fronf ze.r<» if only the. de» 
terminant [2], as by hypothesis is tlie c»st\ is tliffereni from zero. 
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Hence the (filiation [9] can only be satisfied if 
[1«] or [5J yv-K{}h’ *«)• 

Wo have tlu‘.re.l(jre foiuul that, Ht7icc there is csTtctinly a syst&m 

v^n 

of values of Hie .e's fm- leliieJi, the funeiimi 2 )(?/„ is a mini- 

m/ioHi, thvre nmd also he a Hiidem, within the realm of the x's for 
which the cijaations [ I ] arc wctinjlcd 'if to the fit definite vahten 
in their realm arc arhiirarllif (jiren, 

123. \V(^ must furtluu’ sih‘. whether within the fixed realm 
tluu’e in ont^ ur H(‘.vt*ral sysituns of vahuvs of the that satisfy 
tlu^ (»(|ualionH [ 1 ] with pn’scuihed valiums of the fs, which lie 

within (le(init(‘ limits. 

To eatahlish this. uHsumt*. that {x[, • • •, is a second 

HysUun of values that satisfy tla* (equations [Wr]; we must then 
hiivt^ tlu*. (‘([uatiou.s 

(HI *•*»*'«) = 0 (z^ = l, 2, 

|)i‘veloping hy Tuylors tlunuHun. W(‘. have, wluai we consider only 
terms of the lirst dinamsion, 


[ii'U ‘Xf 

Tlu‘ are fuiulaouH which d(‘)H*nd upoit the .r'’s and .e’s and 

vanish with liaise quantities. 


We may determiiu» the ii unknown (luantities .a( 
. from tin* a lim*ar iH|uationH [11 a]. 

For small \ahieH ut x and .F the determinant 


- aq, aq - 




I I‘J| i' I V 1 2, • • n.) 

will he little ilillVrent from the* dtdtu’mimmi [10]. 

We may iherefma* make the limits// of the a;’H so small that [12] 
is tliflVreiit from 7 i*n> ha* all the* ‘Fs and a^^s which belong to the 
realm; iiiul \vhen this has hc»en done,the e(|\uitions are only 
satisfied for 1, 2, • • •, 

that is, there rxintn within the realm *ui qucBtion 'iio second system 
of the .es which sittinJicH the cquataais [ I 
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We have therefore come to tlui following n‘Huli : 

It u possible so to determine the limits j/ aiul h thnl irlik erenj 
arbitrary system of the ys in which each sinyle vnriuhle. does not 
exceed its definite Um itiny nrhic, thr yirni rynoUfuiH [ 
satisfied by one and only one sysin/i (f thr ds in which these 
quantities likewise do not cwcced their limits.* 

The lirHt ])art of tlu^ tht*or(‘m given in § I iH is ihuH [iroveil. 

Rkmauk. W<‘ hav(‘aHHUiiied that \u‘ hiui* hMluonly with rra! tiiuunit'uu 
The diHciiHHioii, howtw’cr, in tnui ri'Mlrirtnl tu .Hu«'h «|tia!nitan it, \h i«umv 
to prove that tiie Hiuut* {h'wIupiueutH ihhv uI‘«* \ h - sujuh* iMr intmph'x 
variahloH. 


124. The VHhu‘H (jf the aAs wliieh were Imd frum the etinutioua 


[la] 


P a 




le 


n} 


may be derived in the nninner givtm in § 1 !H. 

If we write 

(*' 1 . 2 . 1 

the linear Bolution of tht» eqtmtion.n | I e| is 

[•<^] Z . 7 '/, (p i.-..'.---./<). 




Xfie <P I.-.!. 


where denoten the eorreH|ioiuling tirnt niintn^i. How .F in a 

definite ([uantity whieh lien wilhin eeiliiin tiiiifo liiniis: the wntie 

1 

is also true of -j- in fotnul in n Minder miiniim', Henet* 

the quantitien are hnite qnmilitie.H whieli he hetwi^en detinile 

limits; and, therefttre, if lln^ j/h iHToiue iiithdinitrly Hiualh tin* 
x'b will also become indelinitely .Hiniill; ihiii is, ihuHe eynteinH of 
values of the .Fb which fiiitisfy tlie et|UiilioiiM 11 j nmlm* Uie nfiiueil 
conditions are* as han iiIho been kIiowo in § lift, ?4ii foriiiet! that 
they become indefinitoly small with the fn, 

* alHo Hadaumrei* "Hur lim iritii»litraittii«iai |iffiirtii*dlrn/' fiuii tit i»i SmiM 

Math., V(d. XXXIV. imi ^ 
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We may now show that the are continuous functions of 
the y's. 

Let & 2 J • • *, be a definite system of values of the 
and let the system (<Xj, a^, • • •, a^) of the £c's correspond to this 
system of the y's. 

If we then write 


the system of equations [1 a] or [1] goes into 

Vx+h = A(ai+^i, 0 ^ 2 + 12 . • • •, «»+!«) {X = l, 2,.. n), 

[1 ^ Vk= li, *2+ h’ • ■ ■> ««+ D-^xiO'l, «2> • • •> “n) 

(X = l, 2,...,n]. 

Developing this expression according to powers of the |’s, we have 

jU. = 7?. 

[Ic] (X = l, 2,...,,t), 

^• = 1 

where the cl, are functions of the a's and fs. If the |’s are 
indefinitely small, we may limit the to the first derivatives 
of I\. Ill this case we denote the coefficients of [1 e] by so that 

Oxf, = for {x^ = ctp = ttg, • • 03,, = a,,) 

(X = 1, 2, • • ^ ; fi = 1, 2, • • •) 71), 

and the determinant of the equations [Ic] goes into 

^ for (x^ = a^, = •, = ctn) 

(X = l, /x=l, 2,...,^). 


If the oj’s lie within definite limits, this determinant remains 
always above a definite limit. We may therefore say that the 
determinant has a value different from zero. Consequently the 
condition that the equations [Ic] may be solved is satisfied, and 
it is seen that indefinitely small values of the ^’s must correspond 
to indefinitely small values of the rj's. 

This means nothing more than that the functions x are con¬ 
tinuous functions of the y's. 
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125. The above investigations are true under the assumption 
that the functions F>, are continuous, that their iirst derivatives 
exist and likewise are continuous within certain limits. We need 
know absolutely nothing about the second derivatives. 

Of the ;r’s, of whicih it is alrt'ady known that tlu>,y exist as 
functions of the y’s and vary in a e.ontinuouH manner with them, 
it may now likewise l)e proved that tliey, e.onsider(“d us i'unetions 
of the y’s, have derivatives which an^ continuous functions of 
the y’s. 

The pi’oof in question may be derived from the. following con¬ 
siderations: If from [1«] we. express the. f’s in U“rms of the. r/s, 
we have 

The are continiuniH functioiiH of ihih f’n, and t.lu^ an*. 

A A 

continuous functions of tlie r/’s. Henot* may Ih‘ n‘prt\s(‘nU‘tl 

as continuous functions of tlu^ ^/’s. 

If the r)'s l)6(ionio indclinitcly small, them tlu^ f's InaHimc* 

indefinitely small, and we have, detinih^ liinils for 

In general, if we have a function/(.r^ . . of tin* ii variables 
Xp • • •, and if we consider the diUtaamca* 

/(^l + f'i’ * * *’ ‘ 

it is seen that it may be. writbm in th(^ form 

A-t 

where the depend upon tlie f s and become indefinitely small 
with these quantities, and the ij;, arc^ in virtue of tlio definition 
of the differential quotient, the partial differential (pmtients of / 
with respect to X;, for the system of values (ap a,p •. *, uj. From 
the above it results not only that the are eoniinuous fum*- 
tions of the but also that the derivatives of tlie first order 
of these functions exist. 



SPl-XUAL OASES 


Wo havo, indiiod, tlio derivutivca of the first order if in the 
expreHsions \v(i write the f’s C(iual t(» zero. 

The. <iuuntitieH however, hee.oine tlie.n, in aeoordance with 

[1«|, th('. ([uantUieH whieh we .sliould liave. in [lr| if we had at 
first writUai (\,, iii.stead of ('l^. 

lint the (|uantitie « 'a. (‘onlimiouH func.tiouH of a,,, • • •, 

Wih may llua’ofta'o say llial tli(‘ (lillonailial ({uolieuLs arc aon- 

tiiiuouH fuiutiouH of th(‘ variahloH .r, mul it is than proveil tlait 
tha a'H ara. Huah fuiiation.s of tln^ //’s aa tlu‘. //h ara of the .a’s. 

126. Fi>r the* (•omplt‘l'<‘ solution of the siH'oud part of the 
theorem in § 1 Ih wt* have yet to show that the expressiouH [h//] 
may he rediuanl to (lu* form [.‘h/j, 

IA)r this {Hirpost* we must hrittg tlie (|uantituvs ' ^ in [3?/] 
(§ 124) to lh{‘ f(irm , 


wluu’e in tin* value of ’ wluui all the .rV are equal to zero. 

is a funetion of the hut tlu‘ .rn are fuiu’tionH of the y’s, so 
tluit Y^^ fuueiitai of the //h whic'h vauisheH when they vanish. 

We may then4or(* in nadity writi*. [3/^| in the form [3a.] 

1 " 1 (K »” wj.'4 1. ‘d. - • •. -«). 

A I 

127. Tlu^re may ariw* enses in whieh \vi» kiunv nothing further 
of the funetioUH an was assumed in § 1 Uh than that they are 
real emtiinuouH funelitms. 

We c’anntii then eonelmii% for example, that the ans may he 
deveIcj|HHl in powers i4 tin* f/n; but we may reilue.e. the ecfuatitmH 
to the form 13o| and h!u»w tliat the eejuaiiunH [la] are solvable. 

The tlieorem whii'Ii Itiis k*en proved in of great impurtamu* 
when iijiplieci to speeial eases, even for elementary investigations. 

If, for example, tlie in|Uiition /(j\ i/) - 0 in given, tlum it is 
taught in the tlitlVrentiid esileiilus Innv we ean line! the derivative 
of ‘i/ eonsidered m a funetion <4 .r. 
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If we assume that the variables x aiul ■// arti limited to a special 
realm where the two derivatives with respiict to x luul // ilo not 
vanish and therefore the curve /{x, y)- 0 has no siiiffular points, 
and if the equation is satisfied by the system y,|), wc*. may 
write X = y == y,, + »/. 'VV(i havt^ tlu'n ./■(.'■» + //„ + v)—0, 

and we may prove with th(‘. aid of (he theorimi in 1 IH that r; is 
a continuous fune.tion of f and has a first (h'rivative. Not be.fore 
this has been done have w(^ a right to dinVnmliate. and proceed 
according to the ordinary ruh^s of the dilfereutial ealeulus. 

MISCELLANEOUS PROBLEMS 

1 . Show that the jiroblfMo of tlu* of tlu* function 

/(^j y) to tlu‘ (l(‘t(*rniination of tin* upiHU’ luul lower lunitH 

of this function umhu- tho condition that + /r (Stol/., IT/V/nr Her,, 

Vol. C, p. 1107.) 

2. Find tho nhortcHt dintanco from the point /*(.rp //p :j) to tin' plain' 

Ax + By + Oz + I) - 0. f • <h Bg. + + P 

s / a ’£ 4 . /fi4 

3 . Find th(^ points on a givi'U sph<‘ro which an* tin* fartlu’st from and 
nearest to a given plane which does not inh*rw*ct tin* sphere. (Fappus.) 

4. Find tho triangle of maximum area whoHe v(*rtieeH Tp 1'^, and 

describe respectively thr(*c given plain* curves ami When tin* 

three curves reduct* to the samc^ t‘HipHt*» slmw that there are an infinity of 
triangl(*H of maximum art'a (a case of impropt»r maximum). 

5. Find tho cllipst' of least area that may be drawn through tin* thn*!* 
vertices of a triangle. 

6. Find the ellipsoid of hmst volumt' which may bt» tirawn through tin* 
four vertices of a t(‘traln*dr(m. 

7. In a triangle of greatest or h'ast art*a ctrcum«erilH‘tl ahout a t*urv«*, 
the points of contact are the mld-poiniH of the Hides. 

8. Among the triangles whose vertices are situated respeetivi^ly upon 
three given straight lines in space, which is the one whtwt* periniet-<*r gives 
a maximum or minimumV Also dett*rmine the triangle of maximum or 
minimum area. 

Answer. Tn the first case the bisectrices of the triangle an* respi'ctivi'ly 
normal to the straight lines desc’ribc'd by the Vf»rth’'es; hi the mwond earn* 
the altitudes of the triangle are periwmdicailar hi th«*Re lines. 
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9. Ciion a lixcil Hurfuca fhul u point, J’ Much that the sum of the squares 
„f its .listum-.’s from n fixed i.oinls .1,, .-I,, is a niaxiimiiu or a 

luiuinnuil, 

. 1 iisfn r. 1 f t hi-1 anient |)huic ni P in ia,k(‘ii jih t.h(^ .i://-plane and the normal 
U) thin at /'as (ia* axis, ih(‘ w\Un' of uk am distances ilf, say, of the 

points A H<* H\nni (he ^^-axis. It follows that th(‘, points are the feet of 
the normals which may he drawn to (he surfaci' from ^1/. 

10. Show that (he senreu\(‘H of a eeiitral S(S‘tion of a (piadric 
.1 j h‘- I I ,.fr I . 1 jP'• I 2 /;,//! -I- 2 + 2 /;.p7/ + 1 = 0 

are (he roots n of (he (spudion 

;l I A/^\ / 

/Ip I f /Ip in 

/h. " lV.l.r. a =="> 

/, ///, a, 0 

where (lie seetion made hy the plane 

/,r + wy + III ;■'« 0. 

It, Show that the axes of tin* ipunlrii* of tin* ))r<‘(’iHlin|j^ example are 
the roots of the following iOthie in r*: 

I t ny- 

1 4 .1./^ =0. 

Il/i l + d/-^ 

12. I r — // is to he a maximum, where //** — ny.r + = 0 and v — x^y. 

(Hmhle, lOoM, Sec IlcHcartc.H, \h»L I, pp. 507“”r>16.) 

12. I'hr/undtimt nfn/ nf (tlyriirtu het /(f) lie an integral function 

of / with eoiisfant eoellieicnts. Write / x + ///, ho that 

(I 1 An Bir, //) + ki{j\ //) P + i(l 

with the ideiitieal relatiouH 


Form the exprennion /r( r. y) P^+ C/4 Within the circle of radius 

r \ .r'^ + y*^ the fnueiion /i m jwervwhiTe eoutinumis, ho that (§8) the 
function muHt rem-h itn lower limit for values of x and y within or 
on the htiundar) id the cdrcle. liy taking r Huflicitmtly large it is seen 
that the hiwer limit of /x miint la* nnwlnal within the circle, so that theii* 
miwt he a minimum \alne of fi. Show that this minimum value is zero, 
and <’onnec|nent!y that there miist hi» some vahuMif t which makesj/’(C) — 0, 
priividcd lhaty’to is m>t a imiwtant. In particular the semi-definite case 
mu«t he conHiticred. 
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CERTAIN FUNDAMENTAL CONCEPTIONS IN THE THEORY 
OF ANALYTIC FUNCTIONS 

1. ANALYTU! DEl’ENDENCE: AI/JKBHAK’ UKl’KX OKN’CK 

128 . Lf ill iho developmonl of th(*. (’oiKH^ptiou of ihv. uualytic, 
functions we start with the aiiuplest funetiouH which may Ih‘, 
expressed through aritlunetie.al operations, wt* eonu* first to 1.1 h‘. 
rational^ fmictwm of one or more mr/aWrs. The eomH‘ption of 
these rational functions may 1 h'. easily exiemUsl by suhslituting in 
their places om-vahisd functiouH, and first of all thost* wlu(‘li may 
be expressed through arithmetical operatiouH, viz., suaiH of an 
infinite number of terms of whicii (‘a(‘h is a rational fumdion, or 
products of an infinite number of such functions. 

Such a transcendental fime.tion is, for example, 

v(x) = 0^0 + + • * • + II (.r) + • * 

where %(^)[is=l, 2, • • • J are rational functioiiH of .r. Tim 
necessity at once arises of developing tln» conditi«»nH of eon- 
vergence of infinite scritw and produe.tH, sinct» sutli an ariihmtTieal 
expression represents a definite fuue.tion only hu* vahu*H td the 
variable for which it (‘.onverges. Mere etmvergenee, howt‘ver, is 
not sufficient if we wish to retain for the funetioiiH just numtiuned 
the properties which belong to the rationii! and the tu'dinary 
transcendental functions. All such funetiouH have derivatives, 
and we shall restrict ourselvea oma^ for all to fumlions which 
have derivatives. 

Furthermore, the derived serieB of the above expressions o! utm 
variable must converge miiformly (jfhwhmiimitj) in tlm neiglibor- 
hood of each definite value, and every term of the derived aeries 

Baa Hatioock, KlUpilc Fiimirntm, Vul. I, pp, (I 

im 
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miusi he (•(jutiiiuous in the sumi‘ neighborhood. {Osgood, JMrhuch 
dcr Futieiianenthfiu'ie, p. 86,) 

129. Wluni wi* Hay that a whose huaus an^, funelioiia of 

oiH^ variable*, nuircn/f's lut wt^ intain the following:^ It is 

asHunuHl (hat tin* serie\s in (juestion has a. delinit(‘. value for = 

Wt‘. taaiHider all \alut*H of .r ha* whieh .r does not exe.eed a 
delinite (|uanti(y d. This ddennine.s a lixcul region for .r, within 
whieh w(‘ nhall suppose (hat the* seric‘s is eonvergent. Tills region 
is known as tla* rrt/itui a/ court'rtjnirv ((\iin'cnjeH,zhczlrk). We 
may, ha* brevity, put 

ft I (.e) lor j I f I ‘i + • • • 

in ihi* Herit\H above. In tu'di*r that this si*ries (*onv(*.rge uniformly, 
it must bt* ptjssible afl(‘r wt* Imve assuint*d an arbitrarily small 
positive c|uantity 8, and wlit*n a rc*mainder h\.(a') has been sepa- 
raleil from the w*rii*s, to find a positivt* integer ui so that 

when* /' •;;/ 

for all vahie.s of v\ithin the regi<}n of eonvt‘rgen<’e.t 

130. I hHH'ei*ding in tins way wt* may form more (*t)mj)li(*ated 
(»xpnwions; ba* examph*, we may let /e(.r) bt* a sum of an infinite 
numbi*r of terms when* eueh term is a tranH(*t*ndental function 
like r ( >c ) ulan so I luit 

e“C.e| rjPr) | r,^{.r)d" * * *• 

We may ('ontintie by forming similar expressions out of the 
trauHet^ndenlal funetionH lef j‘), (Hr. It is (‘lear that if wt* proceed 
in this manner, tliere is no i*mt of nueh expresmons, ho that (‘ven 
if we limit ourM‘!\eN to iiiie-vahunt funetions, we do not obtain a 
tdear insight into the [lonHible kinds ami bamm of sueh fuuetions. 

It in eHNimtiat tbiif idl Hueli traimeemh'ntnl fimetions have a 
tamiinoti propert\, niid we nt»te tliiit if we take a value within 

the region <»f eonvi‘rgeiiee in whicdi the serieH representing these 

• \Vtai*r«iriifi«. f'ttilrrir,l llVirl'j, Vnl II, |f. iWJ, iuhI Zur FitnrthMOtMtrt\ § 1. 

t H#w lUril, >l**r Fu^kiMneti f|»agit 1»'I7 tif thina^riiitui triitwliitioii by Liireth 

aai! 
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functions converge uniformly, they may he rcprtiH('nte(l for all 
the values of x in the neighborhood of as scries which 
proceed according to positive integral powers of •« —a;,,; for 
example, in the form 

F(x) = F(x - *0 + .«„) = (./■ - a:,,) + ^1-2 (.'■ - .r,,)'-* H- , 

where (X„, ctj, aj? • •dcKnite functions of a',,. From this it 
follows that they may be difrerentiaUsd, and a iuiiiiIkm- of other 
luoperties are immediate c,onsit(iueuces. 

131 . We may next extend the conception of uniform conver¬ 
gence to functions of several vuriuhhis. With W(‘ic.r,slra.sM (loc. cit.) 
consider the inlinite series 

»♦ »/ 

i (x'j, ' * * j '^'n) '^*i^ * * '» /{) 

whose terms are functions of m\ arbitrary niunbm* of vuriabh*. 
quantities 4 ?‘^'21 * ‘ function ronirrffr,^ iniiJhrmJ;/ in 

any part (R) ot its region of convergence', wlum witli a jirc^seribcal 
(|uantity S cihoscn arbitrarily sinall tluu’c exists a positives integer 
m such that the absolute value of 

V r>i.: 00 

(*1, a'2, • • •, ar„) S 8 

V •-! k 

for every value of k whic^h is is ni and for imnj Hysicun of 
values of whicdi belongs to (R). 

Lot a2, • * ^ dcdinitc' system of valut»s of the' vari¬ 

ables Xp - * •, within the region of \uufcanu tumvc*rg(mc*.e, and 
consider only the values of aq, x,p • - fcir whicdi ^ ^^2* 

* • —do not exceed (certain limits ( 4 » * • *, ns in § 121 ). 

The function may then be rc'prescmtc'.d Ihnaigh an ordinary 
series which proceeds according to intc^gral powcu’s of -f/j, 
£^2—^2, — cumaecpumtly may be dillVrentiattHl; 

in short, it behaves, as Weierstrass * was accawtomc'd to c*xpn‘SH it, 
like an integral rational function in the neighborhood of a definite 
position within the interior of the region of uniform eemvergemet'. 

♦In thia connection aee Weiei*8tmH», IfarA'c, Vol H, pp. I£i5 et .ncq., mid alftc Uit'r- 
mann, Theorie der Analy, Funkthn^n, pp. 421^ ct Hinp 
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132. We may next inLr()(hu'.e the (ioncepliou of analytic 

depeiuk.nce. If we, rej)r(>.senL a function which has been formed as 
indicated aliove by /'’(.r,, • • •, then a'g, • • •, .•»„)= 0 

expresHCH a e.ertuin dependence ainonfj; tlie variables * 1 , ^, 02 , • ■ •, x,p, 
that is, umonff th(>. inlinite number of systems of values for 
which the, function has a. me.a,nin<,% tlH)S(', only which satisfy this 
equation are to b(‘ eonsidenal. Th(',re exists, therefore, among 
.(ji, ,f.,, • • -, a dependems! <if a simihir characler, as in the case 
of algi'hraie- e(piations. If we choose the, (piantities .Tj, X 2 , ■ ■ •, 
such that tln^ (‘((ualions l<\ 0, Fm—O exist where 

•III < 'iiy we have, a dependemai among the (luantities wq, 1 % • - 
deliiu'd in sueli a way that at all events we e.an choose arbitra¬ 
rily not nmn'. than 11 iii of tlu! variables, since the remaining 
ill variahh'.H an^ <le((‘.rmined. 

133. The (if th(‘ i.s at once 

Hugg*(‘HU‘(L SuppdHo, for oxauiple, a fiuu‘.iion of two variables x 
aiul // is giv(*n; tlusi \vc*, may consitltu' all the systems of values 
(j\ //) in which x has a prcscriluMl value. For such a value of x 
th(‘r(‘. may (*xist s<‘V(‘ral valu(*s of //. are to regard y as a 
fum^tion of x, and this function is a vuintj-vahed function. By 
the introfliM’tion (»f oih‘ or mort^ auxiliary variables it is often 
possible to (‘xpress tlu^. many~valu(Hl fumdions^ through one- 
valiUMl fumd-ions, ami imhnHl in a.lgel)rai(‘- form. The development 
of analyti(* fmudions from an arithmetical or algebraic standpoint 
mamual especially <h‘sirable. to W(*.ierstraHs. He wrote (see WerJee, 
Vol 11 (Otd. :h lH7o)» p. 2 . 10 ): “The more I consider the under- 
lying primuph'H <if tlu‘ tht‘ory of fumdions —and 1 do this eon- 
linually -tlu^ stronger am 1 eonvineed that this theory must be 
built upon tht‘ fonndation of alge.braie truths.” 

134. Ti> illustrate tla^ ivmarks of th(‘ iireceding article, con¬ 
sider any unulytie tl(*piuuU*.ne(». existing between, say, two variables 
x and y and hunt one of the variables x to a definite region. 
Tlu*. othc*r variable must Ik* expresscHl through x and in a form 
that remains invariably trtu* for all values of x in question. Now, 
if to the one variable there (K)rrespmids a transcendental function, 

♦ Wt^ juiglit. rit<s for ('XHUiplr, tho Aholian tranHcumdents. 
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it does not seem possible to express one va,riable. arithmetically 
in terms of the other. We may, however, introdue.e a. third aux¬ 
iliary variable and thereby express both of th(‘. original variables 
as one-valued functions of the third varia,ble and in siudi a. way 
that, if we give to this variables all possibh*- valut*s, w(». have all 
systems of values of (a;, y). 

The simplest example is perhaps the oiu* give.n by the (^((uation 
where 2 ; and ;// are two inde])end(‘ut variabh^s. It is tiot 
possible to express the dependen(‘e, lu^twtHMi x and y in an arith¬ 
metical form; that is, one in wliit^.h Iransotaidtmtals do not appear. 
But if we introdmaj a third varia.bh^ /, and writi^ x w(^ have 
z 

z = SO that y = — ^ • 
t 

Thus X and y are expressed as one-vahual fiuudioUH of t, and 
such that for one value of x tlua'e is invariably one. valm*. of t 
and of y. Poincar6^ proved that if .a and // an* (‘onnecied by an 
algebraic equation, then all systems of vahu*H (.r, y) may In*, 
expressed in the form just indicated. Ih* also showial that if 
any analytic dependence exists betwc^eti x anil //. it is always 
possible to represent x and y as one-valu(*d fumlions of a third 
variable. An exam])le in point is the expn*sHion of thes intc^grals 
of linear dilferential etpiatious through tlu*. Fitehniar funetiom. 
However, he did not show in this latbu’ <*ase. that all the points 
of the region in (piestion wtu*e thus exprt*Hsed through A On 
the contrary it seems that tluu’e existH an infiniit* numbf*r of 
isolated points whicdi can Ih*. reaelKul only wlu*u i tends toward 
certain limits. 

For example, in the diirerential t‘C(uation of tin* hypt*rg(^.ometric 
series, we should have to extdude in siudi a reprc*Hcmlati(m tlu* n‘al 
values of x from <+-1 to + 00 , tlu* Paris Tliesis of Ooursut.) 

In this manner the study of maiiy-valueil fuiu'tions may be 
reduced to the study of one-valued finudions. lIowevf‘r, it is tu)t 

BnlktintU hi mathimatiqm ih Fmtms VoL XI CISSII). Htw lUm* 

lectures H and III, delivered in the Cambridge (toUcH|uiuin, by Froftwior OsgetHl 
{Bulletin of the Amer, Math. 180S); anti the Problhnm maihimatlqmH of 

Professor Hilbert In the (hmptrn rentlvn of the Congn^w of Mathamaticians, Paris, 
1900. In his treatment of Algebraic Fumaions of Two Variabloa, ProfcaiMir Picani ta« 
done valuable work in this connection. 
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a Hiniple task, for if we wish in reality to make tliis representation 
even in tlie case of a linear differential equation, we encounter 
many tcchni(ial dillicailties. Nevertheless, it is essential to prove 
that lk(‘.re exist su(‘L rcquesimtations. 

Wtut^rstrass asserted (May, 1(S84) that he believed the follow- 
in ^4 thtM)r(‘.m (‘.xistt^d in the theory of functions: It is always 
possible, where (oi analytie. depemdeohee exists, to express this 
dependeoee in o one-valued, form whiek remains invariably true. 

135. W(‘. may lu^xt introdue-e the followin^^ theorem, which is 
(^xUmsivdy ustul, particularly in tlie (‘.alculus of variations: 

iduppose that hefweeu. the variables • • *, we have m 

eqaations (jiven irhirh may be represented, in the form of power- 
series, and let these be 

Tj j (./'j h •—a^,)-l--Xi == 

^2, 1 (-^’l 4" - • • + A‘2, «. "1-'X2 ~ 

= ^ {m<n), 

where \ , X power-seHes of 

,v,, . but of sueh a nature that eaxh term in them is of a higher 

dim enston (h a n fh e ft rsL 

The equations will be satisfied for ^ 4 =%, •••, We 

propose the problem of deUrminvng all systems of values 
(•^i, xf tvhieh lie in the neighborhood of (%, a^, • • *, a,) 

ttnd whieh satisfy the m equations above; that is, among the 
systems of values for whieh \ x af, • • •, f(n\ smaller than 
tt fixed lirndt p, determine those whieh satisfy the m equations. 

Tlu^ (piantity p is subjectt to the condition only of being suffi¬ 
ciently small. To solve this problem we consider the system of 
lin(‘ 4 ir tHjuations to which the given equations reduce when we 

Through those linear equations m of the differences x, — a,, 
j'a-rcj,may he expressed in terms of the n-ni 
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remaining, if tlm dctcrmiiiiuiliH of tho w/tli onlcr whicih niay be 
formed out of tho ?)i rows of tho c’m aro not all zoro. 

If, say, O, 0 'I, ™; 

: : *- ti, 

WO have (§ 117) 

,/*j Ci^ I I I ’ f(,ii I i) 4. ^ m H ) f ^ J» 

**' ^ f X‘i’ 

1 r“ t) I •** t 1 f X 

By means of ilioHo equations \vi‘ may represrnt j-j 
. •as power»H(aneH in tlu* remuiniiq^ a m (liflVivnocs, 
the formal prooodim^ being an follows: 

Wo write X 1 "'“ ^^'* * *» X„J ■ tlius uhtiUn tni Jj 

• • expreHsions which represtmt flie fir-q u|q»rt>xiination.s. 

These an* aubstituted in anti in the resulting t‘x- 

pressions only tenriH (»f lln^ Mn’uml ilimeiiaiun are ismaidenMl. 
These terms added to the ttumiH u( the first iipproxitua!inns ri*Hpee- 
tively constitute the seemul approxiinaiiouH. (dnliiuiing tliis 
process we may represent the required intpreHsiuna tu any di'gree 
of exaetness desired. 

We obtain tlie same results if we express m of t!ie qtauitities 
aq —thnmgh power--HerieH in terms of flu* 
remaining *//■ — /m (ptantith’s with imleternuniile et»t*flifdimts. These 
(‘oetiicients may he determined witinnit ditlietilt). 

As just showig thc‘Ht» power-serieH are ronvrrgent as .noon ns 
the differemm whicdi enter intt» tliein <!»♦ ma vxwml rtu’- 

tain limits, and, furihermort*, power-Herien Hnfi*4fy llm given 

equations. 

136. The proldem of the preeeiltng artiele may !m* solvtal in 
the following more symmetrit' manner, in whicdi nemo of tie* vari 
ables is given preference over tlm others (m*t* liigriinge, 77/AovV 
des FonctionB, Vol II, § 58). 
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BenidoH tlu*< givtai above we iniroduee others which 

arclikewi.se (‘xpn^.s.stsl in power-series; 

where /p /.j, • * „> auxiliary variables. 

Th(‘ <|uantiti<‘.s r nn^ arbitrarily (*hoH(ui, in such a manner, 
lioW(*ver, that the detiuaninunt 


0, n 


c* 

'’1. 

m 1 0 

* * •’ 0,'» 

'e. n 

f'o_ 

c* ‘ ‘ 


//<’ ^’ 2 , m i n 

* * n ^*2, n 

1* 




, ^ m tin i 0 

. • . C >: 0 

’ ''w, II *< 

^*1/1 t 1, 1 

1* 

» » {,‘i* ’ * 

•» 

\ It { U m i b 

’ * * > n 

1* 

^'u 

. «* ’ * 


, /« » 0/ , /« f I* 

... 0 

* ' n,ii 

PrtH'eeding 

ns 

in ^ W 

7 we 

write tin* (piantities equal to 

zero, and wt* 

thu 

H have i 

a .sy.stmn of n linear 

(upiations through 

whic'h Wi* eii 

in « 

*\pn*sH 

tin* 

ii dinVren(*(*s ,-1 

i* * 0 ^ti 

through /|, tn 

. • ‘ 

* ♦ ^ ij m * 

say, 



•0*. 


f‘v \^\ 1 


1 h • • • "f* r,,, ii, f,( 

i.-.+x: 


fa ’0 2, • » •, a). 

With thi* h<‘lp uf tla‘.se equatioirs we imn express .rj - 
pouer'Series in /p . . % f,^ 

To tio this ue n^^ain write \l '--and have only terms of 
the first diinensitau We write (tie first approximations that have 
Ihhui thtiH obtained in and by n‘taining the terms uf the 
.second dinauisiun ilerive tin* stn‘ond approximations, etc. 

It fcdluwH dirertly fruni the above that these power-aeries in t 
fannallti satisfy tlie gi\en ei|uatitm; that they assess a certain 
(uaninon region ef»nv(*rgenet* it we give certain fixed limits to 
dik tliey csmsequantly m rmlity satisfy the 

t‘quaiic»n« ; and. finally, that ittl iht H^teniB of vithtes (a*p 1^2, • • *, 
which lit* in tin* neigldHirhood of (rtj» (h^ • • which 

satisfy tlm proiarntnl equations are obtained in this waj. 
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137. Suppose that between two variables there ('xiats an ana¬ 
lytic relation which is expressed in tin* form 

y-//„) = ' 0. 

where F denotes simply a power-Heri(‘s ami wlie.re y,, is a 
definite pair of values of the variables. 

In the neighborhood of //„) there is an inlinilt! number of 
systems of values which satisfy the e([untion. The <’olleetivity of 
these pairs of values (.r, y) is called an nmtlytir afriir/inr, or eon- 
liguration {(hhild), in the realm {(lehiet) of the (luaulities (.e, j/y 
We may next make an application of the llusirem of the jav- 
eeding article. It follows that, if bi'twi'cn // iimuitities j), 

■ • ui„, there exist eciuations in the form of power-serii‘,s, 
then the dill'erenees .rj.c,,, - a,„ may be e.xpressed 
through power-series of the — m remaining variable.s. Weier- 
strass said: “ Through the eiiuations a stnielure of the (a va)th 
kind in the realm of the. a (luantilies .r,, .r.j. - - ,/■„ is dt-fined." 

As in the case of two variables, w(( may pi'ueee<l in a similar 
manner with several variables, among whieb an analytic d(‘]H'ml- 
ence exists. Let this connection Ik! of such a nature (hat w ('";/) 
of the variables are in general dete.rmined through tii(> remaining 
n — m. If, then, («■!. "a. • • •-"») represents a definite syste.m of 
values of the variables, there (-xist m tsiuntions of the form 

/'(.r,-«i, .cjj 0 

which are to be satisfied for .<■, - a,, : a.j,.... .c„ a„. In the 

neighborhood of the position (Cj, fCj, • ••, f(„) tlitu'c are, tlum, an 
infinite number of other systems of values (.c,, .r .^,. . ., .<„) wliicii 
satisfy the same w eiiuations. T!u‘se delitie an mutli/tir structure*' 
in the realm of the qunntitm .r,, .c^,.... 

A fundamental theorem in the theory of functions of tlie 
complex variable is that these, structures may be runt in uni over 
their boundaries. The. power-series above constitutes an ckment 
of a complete structure (§97). 


« V(.1, n, ii.a'K!. n «my be wnmrkml ibnt .MInk.mskI in l.in 

Geometrie der ZahUn advances similar Ideas at considerable tenutb. Kee In partUni- 

lar§19ofhifl work Just mentioned. 
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138. Analyli(*4il Htriuitures, as above defined, may be represented 
in a diilVa-eul manner. If the equation connecting x and y begins 
with imams of the iirst dimension, we may, on the one hand, either 
expn^ss // -//,) tlirough or through P{y — y^)\ 

or, on tlui othm' hand, if the eoeflicnent of either x — x^ or 
y--l/o is (‘{|ual to z(‘,ro, it is possible to express only y — y^ 
or only .a — as inU‘.gral ])ow(m-series of x or y — In 
ordt‘.r that this (Ustin(*tion may not be necessary, we introduce 
a, fiuu‘tion t whi(‘h begins with terms of the linst dimension in 
// — //<) (stu‘. § l‘h)); we may then always express the two 
([uuntiti(‘s .r, // as pow(‘.r-s(n‘i(‘.s of t. Through the introduction of 
suc.h a. (pmntily t it is nuule ])ossil)le to include within certain 
limits all tln^. sysUntis of values {x — x^^, y--y^^) which satisfy 
this (upiation. 'rh(‘S(‘ values must yms‘% satisfy the given equa¬ 
tion, and munuUy tlu\y must aiford all the systems of values 
whi(‘.h saiisfy it within tlu‘se limits. 

Hu‘st‘ eonsidtu*utions may bt^. (‘-xtended at once to equations in 
sevtn-al va.riabh‘,s. If we have a (‘crtain luiinber of equations in 

if we limit these equations 
to U‘rms of the first dimension, we have linear homogeneous 
(‘(piations of th(‘. first dinumsion, the number of which we assume 
to b(i 7/f (<". n). 

If wt‘ can t‘xpr(‘SH m of the quantities .Tj — * * *> 

./y - through tlu^ remaining it is always possible so to 

(hu’ivt*. n, iKJwer-series of (piantities 

tluy, HubstitnUMl for x^, * • *, x,„ JlrsUy satisfy the given equa¬ 

tions, and Htrondly, if we give to /j, / 2 , • •possible 
values, tlu‘y oH\‘r all llu‘. systems of values (,% a' 2 , • • •, x^) which 
HuiiHfy those (H|uaiious, when c'.ertain limits are fixed for the abso- 
hiUi vnlu(‘s of Xi • Uj, x ,2 -- ^ 2 , • • *, ay — ; or, also secondly, that 

with iudefinihdy small values of the they afford all the systems 
of values of th(‘. ([uantities x^, ^ 2 , which lie indefinitely 

near the position (di, (( 2 , • • a^i)(8ee again § 136). 

Take n power-semies ^^(1), ^n(0 write = 

x^ == 4 ^ 2 ( 0 , • • % ‘^’n = through these equations a struc¬ 

ture of the first Mud {Strife) in the reahn of the n quantities x 
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is defined; in a similar manner a of the serond Hnd is 

defined through the equations 

<^1 = /,), ui(l 

In general, if we take n powmssinaes in and 

write tliese e([ua,l to (ht* eollfa-tivity of the ajs- 

tems of values (.rj, oOered through thest‘ <‘(|uationH 

eonstitute a struelHre of the {n • Luoi in the realm of the 
(jnmbtitm 

We shall in the stHjuel limit the* iiiHcuiHsion (d the general 
analytic dc])enden(‘e t(» the causes \vlu*rt» tliis cit*|H*iHh‘nee is 
expressed through algcduuic* et|UutimiM and to the*, strueturen 
which result from such e(|uations, vi/., the f/A/rAru/r >str(ivinre,H, 


ll ALtiEBRAH’ STRUC^TlltKs IX I'WO VARIABLES 

139. Let Ff., //) he an integral idgt*!aaie fum*tiou t»f .r and y 
which does not contain reiH'att‘d faeltu’s, nu that F{j\ y) has no 

common factor with eillu*r or Fui 1 ht*r sunpcKse that 

tJ' (y ^ * 

F{x, y) is not divisible by any integral in wlucdi appears 

only one of the variables ur //. Tlie Hysti*m <d vahn*H y wliicK 
satisfy the equation F{j\ {} form tlie tiiyehraie si met are that 
is defined through this ecpiulitm. 

If y^^ is a pair cif vahu*H wirh that F(j\^, yj A), we may 
develop the CHpuition F{j\^, 14 ) in iMiwers of .r r,, and y y^^ in 
the form (ef, Stolz, loc*. eiL, p, I77| 


[ 1 j a (f, ■>)} t !//„) f ^ iPF(.i\„ //„) f ... 

+ \'A,! f ■ 0 , 

n . 

where for brevity W(i put .r - .<•„ . 1. 1 , ,a,.i „Imt.. d<> ,//„) 

is thtt hoiuogeneouH funotitm of the «ili m f, vi/... 




0J' 


F'F 

li ^ //» 


[2] 


■r ~ II 
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11* , and -- do not both vanish, the position (or point) is 

said to be regular or duiple. But if they both vanish for x = Xq, 
;// = y^p a,nd if for th(‘, sa,uu‘, position all the partial derivatives of 
iho. 2(1, ‘Id, ••*,(/• ' l)st oi'der of y) with respect to x and y 
va,nish, whiles* t.hos(‘. of tlu‘, /rth order are owl all zero, the position 
.r,p //() is (‘.alU*.d a singular 'position, and, specifically, a /r-ple 
singularity. In su(‘.h a. (‘.as(‘, the left-hand side of equation [1] 
b(‘gins with Uu'ius of th(‘. /rth order with respect to ^ and g. 

In tlu‘. following treatment not only the integer h plays an im¬ 
portant rdli^ l)Ut also tlu*. smallest ex])onent of the terms that are 
friH*. from g, as also the smallest exponent of the terms that are free 
from on the! hdVhand si(h‘. of [1]. If we denote the first by p 
and the s(H*.ond by (g tlu‘. (Ujiuition [1] may be written in the form 

I H| g) 

r {h + •r)g{g))+ ^gir{^, g) = 0. 

lbu’(*/(^) d(‘not(‘s an inkgral function of ^ and gip) an integral 
function of g\ a and h are e^onstants different from zero, viz., 

V i ! W 

140. Developments of the algebraic function y in the neighbor¬ 
hood of a regular position. 1L may bo shown * that if on the position 

./• - // : »//(> the expression does not vanish Iso that, say, q =1 

0 F \ ^ 

and h ^ i there is one and only one convergent series in integral 

fd/c / 

positive poivers of f lohieh vanishes with ^ and which sicbstituted 
for g in [ 1 | identieatly satisfies [1]. 

Wt^ may sti])poHo that this series begins with so that 

[ 4 ] g 4 - + ^ 4 " • • 

We have also to consider in the sequel fractional positive 

1 

powers of x -f; that is, jK)werB, say, where 1. A series 

* IMorpoiit, Vol. I, p. 2SS; or (kmrsat, (hyurs jr Analiufi^YoX. I, ohap. iii. 
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of this kind is convergent if there, is a positive (|uautity H such 

^ t 

that the series for all values of |f^|< A is e,ouv(*rg(uit, and that 
is for all values of | < A'". 

If the series is convergent for oiu*. of tlu‘ /x valiuss of the. /jlI\\ 

root of it is evidently convergtad. for all tlu^ otIu*r /jl 1 values 

of Accordingly, to each of Uu‘. values of f whosi^ uhsolutt^ value 

is smaller than there e.orrespond /j> dilhavnt valutas of the scua'es. 

If, for example, we denote a d(dinite ont^ of tin* valut‘s of for 

1 

example, the principal one, by fthe otln^rs urt‘ (‘Xprt‘ss(‘d through 

the product where / is any of the. fxih roots (»r unity. 

Hence a aeries 

n - (jo 

[5] e:-u) 

V 

may, corresponding to the different values <»l'y. iiiUH-ar in the /it ~ 1 
other forms 

n A 

The theorem stated at the beginning of this article may be 

generalized: If on the positiuu // ■ //„ the expreHHieu 

fi/ 

does not vanish, there is oiu*. and oh/// oiw ('(mvergent pevver-Heries 
in positive integral or fmrtioml powers of f whi<-h vanishes with 
I and which written for // in the e(iuation [ I j identiiaiUy satisfies 
it, viz., the series [4]. For if besides the series (•!) a series [T)] 
with /i>l satisHed [1], then the e([iialion 

[ 6 ] + 

?/o + ’?)•= wlicrc t ■ 

would be satished by two soriaa whi(‘h liavc ih» ctinnlunt term and 
in which r) is expressed in integral iKiwers of /. Thin, by the prt‘vi- 
ous theorem, is impossible, Imcause in [b| tlie term in g really 

appears, and in fact multiplied by the eocdlhuent 

141. Suppose next that " = 0, but that 0. so tliat p ™ 1 

and ^>1. Then from what we liave just seen it follows that the 
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ccjuatioii [3j luay be .solved tlirough only convergent series in 
whicli f is exprc'-Hsed in powers of in the form 

f 7 1 I :: - •* ifi -f- (l^jf + . . . =r Q {rj)\ Saj, 

wlu‘n‘ q'> 1 and d, /• 0; in otlnn* words, tliere exists a positive 
(juantity S such Uiat if we have the identity 


l«l 





v)~ 

0. 

Write 

f in 

tln^ 

form 






h 

j I 


. . 

Il 

If (,\ (rj), Wiy, 

and note 

: that 
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■(' 

(id, 

h 



/«/ 

7f + terms of higlier order 

if the 

n w(*. 

pnt 




i’->i 


/ 

V IC, 

(•>;)!'/ ?/ ■ 


7/^ ' * -f- . . ., 


ly nnau’ting this s(‘ri(‘s wi‘, hav(*. 


(i()| say, 

hq 

and from this it is stum that a positive ([uantity K may be so 
d(‘U*.rmined that for all values of f. such that |i5|</i the above 
powiusstu‘i(\s in f (‘.onvmgtss. Tins power-series when written for rj 
in tin* iU|uation |9| i<h‘ntic.ally satislies it. 

Ih furtiuu*, w(‘ raisi*. tiu*. tajuation [9] to the //th power and 

multiply it hv w<‘. hav(‘ 

(t 

if (X (r;) - ~ 7// + ^ -j-- Q{r}) above ; 

(f a (t 

and this cHpiatitm will be an identical one if for r) we write the 
power-sf^ries The aaine is true of equation [8]; that is, we 

have the identity 

G 

for all values t for which tlie series P{t) is convergent. 
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If we denote the radiua of eonviirgeuce of tlu'. Hc'rien I\t) by R 
and put f - V, where t ia any one of the fy-vuluea of the yth 

root of — f we have the following theorem: 

0 


[ 11 ] 


so that the series 


/>]- 


"I ad, 

h h,/ 


h 


H \ I 


exists j denotiiuj anij of the (/th roots of iuiitij, then this e,vpression 
written for 7) eonses the fu net ion ti{^,v) to rttnish identintUp, 


Furiliermore, there in onlj oiu* eunvtn’i^ent Ht‘ri(\s in inU‘- 
gral or fractional ponitivi^ powtn’H (if without coinstunt ti‘rm, 
which when substituted for 7) in iM|uation j I | onuses that e(|uiition 
to vanish identi(‘.ally. 

For if there were another Hindi series in intt‘f(ral jiosilivt*. powers 

i 

of say, 

[12] H- (X ' 1. cj, / 0). 

I 

then in the manner given above wt‘ eoubi expn^.xs and conse- 

\ 

(luentlyalso ^,througli apowm*serii's in ^/a which idmdi<*ally satistied 
[1]; but besides the series [ 7) there (‘xists no such siTics, and I'onse- 
(piently there is no sindi series as [ I2j wlucdi is dillVrent from | 111. 


ni. METHOD OF FINDIXC; ALL SKIUES FOR // WHICH 
BKLON(i TO A k PLV SINTJCLAU FOSmoX * 

142. In (‘.(niation [1 ] lot • ■ •• "" ‘/’’( 'm//„) 

be zero, so that this ecpiation beeomc»H 

[ 13] Oil ,) = i d^Fi.c,, y„) + ^ ^ ^ ,/r. I + . .. 

where N is the dimension of y) with resiH'ct to x and y. 

_*Bo8id«H Stolz, p. tH2. «(« aim, Viilwux, Jmtrn. il„ Math., Ut HnrU«». V.d, XV, 
p. .105; I’icard, TraiU «(»., V(il. I, p. .'tile; prufiit'i' tt, ApiHill H 

Fotiethn/t Alff^brUineit viU\; KiinlgHbi'rKt'l*, Fttiptini'hr Fam'ttanPH, Vol, I, p, 1H7 

et K(M|. ; Ot(*. 
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There is, eonacMiuently, a Ar-ple singularity at y,,, and we shall 
next show that w(i may derive all those convergent series without 
eonstant term which proceed in integral or fractional powers of ^ 
and which when substituted for rj in [13] identically satisfy it, if 
w(j cun derive corrc^sponding series for any simple, double, up to 
(/,: -- l)-pl('- position of any alg(‘.brai(; structure. In other words, the 
probU'.ni of (U'riving tlie.se series for a, Z;-ple singularity is made to 
depend upon tint derivation of such series for a position that is 
less than /'-pie. 

If for t] in the homogeneous function* of the nth dimension 

""'/'’(■'■(I. ;'/<,)= v) 

(it not itlnnti(‘.ally zero) we write the series [12] 

and arnu)ig(‘ in ase.ending jiowera of then if \ = this expres¬ 
sion hegiuH at h^ant with and e-xactly with this term if c^) 
doen not vanish. If X-P /x, this expression begins with only 
when thin t(‘.rm in nudity appears in v) ; otherwise with 

a ti‘rin of higher or low(*r order than according as X> jjl 
or X < /X. 

If in [l»»j we iH‘xt de(!ompos(^ the low'cst diHerential 

into it.H rtud or eoinpl(‘.x linear fac^Uirs, we have 

(141 <lh.(f,Wb 

/• I 

wh(‘re p - . . f kf - k and where one of the two coefficients 

(t,., may ht*. zero. 

AHsuming first that X = /x. if in the above expression we write 
7 ] = 4 * • • 

we see at once that for at least one value of r we must have 

^ * 

« Tha matiHHl givpn by W(‘iPrfttrasB, Werke, Vol. IV, pp. 10 et Beq., is essentially 
the sania as that foinid h(‘r(‘; BtM‘ also Stolz, lo<*. fit. 
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For if this were not the case, then G + • • -) would begin 

with I* instead of vanishing identically. 

If, next, X>A<', one of the quantities /^j, must be 

zero; and if X<^, then one of the quantities ai must 

A 

vanish. For if they were all diirerent from zero, t!u>n 0'(f, +.. .) 

kk ' ' 

begins with fe. 

If a aeries of the form [ I2|, where. X ■ fi, sufislies tin* (‘<iuati<m 
[12], we shall have, if in [12| we. write tj {<\ t a relation 

t 2 

between Vi iincl viz., m ~ + 'a i 1 ■ • •• 

The expression ('\ + Vi)^) eonluins tlie faetor which 
may be neglected, so that ?/, satislies tlm equation 

If in the series [12] (when X. -p-) we. write r/ //,f. we tind Unit 
the equation . 

is satisfied by the series 

A f* 

e q .... 

If a aeries for t) where X</j. satisfies (i:i|. we revert the process 
and make the substitution ^ i}^^. 

143. In giving the prae.tieal method of determining the series 
for 7) which satisfies (i;t| we must make a distinction Is-tween 
two cases; Ihe function 7)) nlhcr ma.v contain din’erent 

linear factors to their respective powi-rs or it i.s tlie hth power of 
one single such factor. 

First case. Among the quantities n,. a,j, • ... /r, there must be 
at least one which is not zero. For each «, wliieh din-s not vanish 

we put ^1 = r® and make in [12] the substitution 

[16] 

We may then write 

«({• (■'" + ’1,)£)-{*«,(f. .,,1. 
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when! G', i.s an integral function in | and ijj which vanishes for 
f = 0 and 0. If, for example, i = l, we have 

[Kij A'(l> 

r.-r.2 

4 - ... 4 - Vl)- 

Krolu iluH it is cvide.tit that the position |^= 0 , 771 = 0 in the 
structurt^ t/j) is at most a /^^-ple singularity and conse- 
([umitly less tha .11 a /’-pie, so that the problem may be regarded 
as Holvtul, siiHu^ by hypothesis, when /i\<k we have supposed that 
we may dtaive all power-series which satisfy Vi)= 0 . For rj, 
through tlu^ formula ?; = + 7 ;^) we have series arranged in 

inU^gral or fmeXional positive ])owers of ^ which substituted in 
<*aus(^, this ex})r(^ssion to vanish identically. Besides these 
s(‘,rieB thert‘ art*, no other such series for r) which begin with the 
term 

If in [15] we let r take all the values where 0 , we have 
in this way all those series for r), where X^/x, which satisfy the 
etpiatiou t;)= 0. Among the cpiantities • -y oci there 

may bt^ out*., for (‘.xample (tp which is zero. If we consider r) and ^ 
interehatigtHl and then make in [13] the substitution ^ — we 
may derive all stuies which proceed according to integral or frac¬ 
tional positives powers of t; witli constant term zero and which 
whtm writtem for ^ in the etpiation rf)— 0 . identically satisfy 

IL 

it, aiul wlumo initial term is where /x>\. 

By reverting each of these series we may express as series 
in terms of f which satisfy [13], where \<ix. 

Further, we have all such series. For if [13] was solved hy 

writing for t) a series [12], then we also satisfy [13] by writing 

1 

for f a aeries in integral positive powers of whose initial term 
contains where ^ is an improper fraction. 

A. 
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Secoiid case. Let t?) = («r/ - and supiK)H(( jirxt that 

We make in [13] the Huliatitutitai 


V = 



(i) 


and have, after diviaien l>y tlie lu'w e<nmticm 


If for this (Miuation llu‘. position | U. u is loss than 
a /i:-ple singularity the problem is by lt}potln*^is solved* or if it 
remains a /v-plo singularity and if the ptdymaniul of tlie terms of 
the Ml order in ^ and may be dt*eoniposi‘d into iHjfnrni linear 
factors, we may proceed as in ilie first ease. It may hapjam, how- 
ever, that the position J = (), t/jtl is a /r-ph' singularity whose 
terms again form the /rth jHavtu’ i>f a linear exprtvHHiini in f and 

rji which must luamsarily ho /^if 

n { 

If, further, WO write in [ I 7 | ipj insltnid of i/j* where is ihdined 
by the equation ^ 

'h (,y* (ii) 

the expression will l)e divisible by so that we may write 

( 1 ^ + >/,) f ] CD’-af. va- 

where t;^) = | 

7^2 (f> Vi) hoing an integral func.titii» uf | and »/m 
N oting (i) and (ii) it ia hoou that if tinT»> iw fur >; a 
of the form 

[18| = + .... 

them for f = 0 the (|uaiitity intrtMluri'd hIhivc inu?it In* /,ero, 
and r),j^ must belong to those series Unit viiiiish with f iiml wliieli 
are obtained from the equation tl. 
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This (Hiuatiou may bo solved as above for if the position 
J = 0, 0 For the structure 6^2 %)= 0 is less than a ^-ple 

singularity or if it is a /r-ple singularity in which the terms of 
the Aih ordtu’ do not constitute the Mi power of a linear func¬ 
tion of I and W(i further have all series, proceeding according 
to j)owtu‘s of ^ without constant term, which when substituted in 
I i:i] satisfy it, if we solve the equation 

r;,)=0 

with r(\spt‘(t to in a.ll ])ossible ways through power-series in ^ 
without (Constant term and substitute these series for in the 
expression (ef. (/■) and (n)) 

a a 


But if the*. ])OHition |:=0, = 0 is a /j-ple singularity in the 

Htru(‘tur(‘. and if the terms of the Ath order form 

the kill power of a linear expression in which must have 


the form 
is defined by 


we must write instead of rj^, where r),^ 



and proeiHul in a similar manner as above. 

(bntinning in this manmu* it is evident that if a ;¥=0 we may 
derive all powtu’-scu’ieB in f without cionstant term which written 
for r; in tlu*. ecpiation [13] identically satisfy it, if through a 
Ht‘ri(*.H of transformations 



W(^, may from the given eciuation 7;)=0 derive an equation 
wh 0 H(‘. left-hand side does not begin with the *th 
power of a linear expression in f and 

We must finally come to such an equation if F{x, y) and ^ 

have no divisor in e-ommon. Tor, since the factor appears with 
each of the substitutions [19], it is easily shown that the integer 
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li iu [19] cannot pass a fixed limit. For if A is of the «.Lh degree 
in y, we may always find two integral functiouH P and V in .»• and y 
where C/'is at most of the (w —l)Ht degnu*, in y and 1' at ino.st of the 
{n — 2)d degree in y such that there e,.\i.H(s the idmitieal relation 

dF 

[20] VF{a\ y)+U />(.'■). 

where is an integral fnne.tion in 
Furthermore, ainc-e 

<! + Vi'jij - (f- '/)■ 


it is seen that 

f J/o + V) = (f. V) VD- 

Wo also note from the formula 

rF 

y + r) h\.t\ //) + e f * • .. 

ry 

if we make the Hubstitution ,r - y y^^ f ?/. ninta* 

/'Vo + ^ //» + V) >!)■ 

I '/) 1 


that 


«(f,r;+r)=0'(f, y) + 


'!t 


■ r t 

r »„ » I 
fi •* i/„ t n 


Expanding the left-hand side of thi.s expreHsion, it i.n seen that 


h . 


1 / M 






rif; 




It follows that after the Huhstitutitm of 

jt = ^ =r. y/,j 4- whm'e from (1 !l) 

ron ^ t M 
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tlu^ kift-haml .side of [20] is seen to be divisible by But 

on tlui right-hand side. />(.'«„ -j- f) is of the same degree d, say, in ^ 

as D(,r) is in .r. It follows that /(-(/.; - 1 ) S or A S ^ . 

j/^ ■— X 

If, mvm////, a 0 , or r))i3^)\ it is seen that through 
a (U)nuH]Hyiuling (‘Jiangc of the method given above, all series 
which procuH^d a(‘x‘*ording to powers of tj without constant term 
may he feyund whicJi when written for | in the equation [13] 
identically satisfy this etpiation. Through reversion of these series 
w(^ dm’ivc^ states in powers of f without constant term which satisfy 
tlu‘. (‘([uatitm [ 13] with respect to 97 , and in fact all such series. 

144. The following theorem is proved by Stolz (Math, Ami., 
Vol V111, p. 438): If m a position of the structure F{x, t/) = 0 
and if this etjuation is brought through the substitution 

// //<) + V form [3] above, viz., 

I + I Ih + V) = + m^)) + + V9(V)) 

^)=o, 

tluai tlu». (u)ll(».(tivity of the convergent series in integral positive 

powers of f or viz., which vanish with |, and 

wlum writt(*n for t; in the equation [13] satisfy it, are charac- 
terizcHl throtigh ^ 

In these expreRsions /x is the smallest of the roots of f which 
an^ c.ontainiHl to an integral ]) 0 wer in each term of a series in 

1 

c|uestion, and X is the least exponent of in this series. This is 
illustrated in the example of the next section. 

145. Th{% above tlieorem offers a check for the determination 
of all the series which belong tcy a singular position of a function, 
ns is illustrated in the following example. 

Example. For.the algebraic structure defined through the equation 

4 xy — 9 xy 4- 2 — 21 xy^ + 8 —10 = 0 (i) 

tlH» jK)int X ~ 0, y = 0 is a fi-ple singularity. The terms of the fifth 
f»rdcr in (/) are 4xy and consequently may be decomposed into the 
factors X and y. 
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Corresponding to the factor write in (i) y — xy^. The result of the 
substitution is, after division by 

iy^ — ^ xy^ + 2 x^y^ — 10 — 21 x^y^ + 8 x^y^ — 0, (u) 

The point a; = 0, = 0 is a triple singularity for this structure, the terms 

of the third order being 

4 y 3 ^ 9 xyf + 2 x^y^ = y^(4: y^ - x) (y^ - 2 x). (Hi) 


Corresponding to the first factor, write in (ii) y-^ = xy^ and divide the 
resulting equation by We then have 

2 2/2 —10 — 9 y| + 4 y^ — 21 x^y^ + 8 x^yl = 0, 

where a; = 0, yg = 9 is a simple point. From this equation we have 
y2 = 5a;2+ 

We thus have as a solution of (i) 

y — xy^ = x‘^y^ = 5 a:^ + terms of a higher order. (iv) 


Corresponding to the second factor in (Hi) write in (ii) yi — x(^ + y^) 
and divide the result by x^. We then have 

~ llh -10a;2 - 6 y| + 4 y| + • • • = 0, 
and from this we have y^= — a;^ + •... 


It follows that (i) is satisfied by the series 

0.1 . a;2 40 a;^ , 


(«) 


Corresponding to the third factor of (Hi), write in (ii) = a;(2 + y^), 
and dividing the result by x^ we have 

^2 —10 + 15 y| + 4 y| + • • • = 0. 

From this it follows that y^ — ^ + • • • ] and the corresponding valium 

y = 2x^ + ^x^+.... (,u) 

Returning to (i) write x = yx-^ so that (i) becomes 

4 a :2 4 . 8 y 2 - 21 y’^x^ - 9 yx^ + 2 yH^ - 10 x^^y^ = 0 . {vii) 

lor this structoe y = 0, aj^^ = 0 is a double point, the terms of the second 

being 4a;2 + 8 y2 = 4 (a;i + iy V2) (x^ - iy^/2), 

Corresponding to the factors of this expression we make in Qvii) the 
substitutions _ 

a:i = y(±^V2 + a; 2 ). (viii) 
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If thru ilnulr thmui'h by i/\ wi‘ Inwi^ the tuiuations 
I “Jl //} I V ‘J 21 + *1 + ... = 0. 

FrtJiii ♦•Hfh itf rqtiHtitmH u<‘ ibnivt* which bc^iu with the same 
(4Tm, vi/., f. '>} V i ‘ *hat \v(* derive Uh* tw^o nericH 

» r ( ! 1^2 i r.,) I V /r + •••• 

liv jn\ertjnn Herirn we hH\t‘ the M(‘rieH which proceed in ascending 

jiuwern «»! I ^ i/ . 

^ .p .... 2 ^,nd (x) 

We lui\e lhu’4 dfuu-il hu* |lewi-r a-rieH which proe(‘ed in integral or frac- 
tiunui |H»tteri Ml I witliniit eHiiHtiin! term wliich satisfy (i), viz., (fe), 
(eg ( ei g {^ j g and | « g 

It \h foil bn ^rrii tint I I 1 f 1 + 2 -f 2 7, which is th(‘ smallest 

ex I wt me id 1 4 I he tniir* t lyil are I ree ! r«nn ? , whih‘ !!hX ■■■ 4 + 2 + 2 d*! 4*1 ==10, 
which i"» the mitallen! expunejit nf the tentw that are. free from yin (i) 
(Stul/, p. iPeg 
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etc., 180 


rai)EX 193 


IViUio, iv, V, 2, (I, 12, IB, 21, SI, SS, S4, 
52, (U, (JH, i>4 
IN'iuiuluui, 150 
Pctzval, 107 
Pit*anl, 170, IHO 
Pu‘r|uuit, S, 7, 15, :M, S7, 177 
ronuMiro, 170, IHO 
Tdlnon, 107 

Polyi^oii. Str 10‘gulnr polyp^oii 
INmilion, 155 ct .simj. 

Power'171 et 175, 170 
Proper maNimu, or iiiiniiua. Svv Max¬ 
ima aad miiiitiui 
PtilHetix, IHO 

(|ua(lratie form, 10; (‘X]»reHH(‘(l an a 
min <}f Hi|uar<'H, HO et neip, HO; up» 
plleation of, 02 et Hetp Src Homo- 
gmieotjH jpuulrafie formn 

Hudiurt td‘ eurvatare, 117 
U«ndm, i:i5, 174 

Hidleefloa of a ray td' light, PiOetHiap 

U«'fnuMioa of a ray <d* light, ISl etHe(|. 

UegiomoiituauH, 10 

Uegi'Hi «d’ eoavt*rgeare, 107, lOH 

Hegalar faaetitai, 7S 

Ut'galar p(dat, 177 

Pi'gular piilygoa, 140, 142 et m\,, 147 
Relative ataxiiaa and adaiiaa. Svv 
Maxhaa aa«l aaaiuui 
Re\eraitai of Herien, 15S et wn(, 
Uiehelot, 100 

Right laual iliffertaoial qaotieat, 7, 11 
Uoofi4 of uaity, IHO 

Halmoa, 107, 120, 122 
Helieeffer, v, l\K 27, S5, SO, SO, 40, 48, 
50, tl2, 70 

SeheefferV laetliod, S7 
Hidjeeffer’fi llieorem, 4S, 4<l, 55, 50, 00, 
01, tl‘i, 70, 72 

Si’heeflm'hn tlieorv, 4S vt wq. 

Si'hepp, Su llohhauaa ; nvv nlmi Ditd 
Srealar variafioaH, etpauioa of, 107 
Hi'mI’iiXeH of a eeidnil Heetloa, 105 
Head didltdft' eaw, iv 
HeiaPdidlalle form, 10, 40, 50, 51, 52, 
114, 05, OH, 70 et wni., B2, HS, 02, OS, 

HMi, no 

Herrel, V, SS, 104, 100, ISO 
He verm** 10 


Shortest distance to a given surface, 
101, 128 

Simple point, 177 
Simpson, 10 

Singular point, 164, 177, 180 et seq., 
188, 184 

Sluse, Ken^ F. W. de, 16 
Smallest value, 1 
Smith, Edward, 107 
Spluu’ical triangle, 185 
Sipiared factor. See Exceptional cases 
Stolz, V, 2, 0, n, 14, 48, 46, 46, 60, 60, 
70, 79, 01, 100, 186, 166, 164, 180, 
IBl, 187, 180 

Stolziau theorems, SO et seq., 66, 58, 
70, 72 

Stdlz’s added theorem, 46, 60 
St.rueture of the lirst kind etc., 176 
Sturiifs theorem, 51, 100 
Surfaet'K of second degree, 107 
SylvesUu', 80, 107 

SyHt,(‘m of m ctiuations, solution of, 
171 e.t seq. 

1'angtmt, parallel to x-axis, 6; com¬ 
mon to two curves, 34, 86, 86 
4'angential plane, 28, 81 
I'artaglia, 16 

''raylor’s development in series, v, 4, 
5, 0, 10, 11), 24, 88, 76, 79, 80, 97, 
162, 169 

d'aylor-Lagrange theorem, 43, 47, 77 
'rodhimtor, 88 
'rranscendental curves, 86 
'rranscendental functions, 167, 169 

Uniform. See Convergence 
Upper and lower limits, 2,12 et seq., 
65, 57, 94, 104, 186, 187 

Variathms, calculus of, iv, 171 
Von Dantschor. Hec Dantscher 
Voss, 2 

Wt^ierstrasK, iv, 78, 79, 86, 107, 188, 
167, 16B, 169, 174, 181 
Wilson, E. B., 12 
Wirtinger, 148 

Zajaczkowski, 106 
Zenodoms, 142,147 



